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Abstract

We develop a model-free policy gradient
method for discrete-time mean-field control
(MFC). In MFC, the policy affects the ob-
jective both through the controlled dynam-
ics and through the population distribution.
Standard REINFORCE estimators capture
the first effect but not the second. We in-
troduce Transport REINFORCE, a transport
map-based approach that perturbs a suit-
able transformation of the population dis-
tribution to estimate this missing mean-field
contribution. The method applies to both fi-
nite and continuous state spaces. In finite
state spaces, we perturb the population dis-
tribution directly on the probability simplex
through a convex combination of the cur-
rent population weights and random weights.
In continuous state spaces, we project the
population distribution onto the manifold of
Gaussian mixtures, and then randomize it
via a transport map that ensures the per-
turbed law remains within this manifold. We
prove consistency of the perturbed objec-
tive and gradient as the perturbation van-
ishes, and derive bias and mean-square error
bounds for the resulting sample-based gra-
dient estimator. Numerical experiments on
several MFC benchmarks show that Trans-
port REINFORCE improves over standard
REINFORCE.

1 INTRODUCTION

We study model-free mean-field control (MFC) in dis-
crete time over a finite horizon. A common random-
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ized policy is optimized for a population of interacting
agents. Each agent’s policy, dynamics, and rewards
may depend on the population distribution, which it-
self evolves under the policy. The learner observes
sampled transitions and rewards, without analytic ac-
cess to the model.

Existing learning approaches include dynamic pro-
gramming on the space of population distributions
(Carmona et al., 2023; Gu et al., 2021, 2023). Even
for N states, approximating a value function on the
resulting (N — 1)-dimensional simplex can be costly.
Direct policy optimization offers another approach.
Policy-gradient convergence has been established for
discrete-time linear-quadratic MFC (Carmona et al.,
2019), while actor—critic methods and their analysis
have been developed in continuous time (Frikha et al.,
2025; Pham and Warin, 2025; Frikha et al., 2024).
Bayraktar et al. (2026) also derive a policy-gradient
formula leading to an actor—critic scheme.

The difficulty is that applying standard REINFORCE
(Williams, 1992) to a representative agent while treat-
ing the population flow as fixed misses part of the MFC
gradient. Changing the policy also changes the pop-
ulation distribution, which enters the policy, dynam-
ics, and rewards. The closest work, Meunier et al.
(2026), addresses this additional dependence in finite
state spaces. Their MF-REINFORCE method ran-
domizes the logit coordinates of the population weights
and uses the resulting density score to estimate the
mean-field contribution.

We introduce Transport REINFORCE, which ran-
domizes the population law through transport maps.
The perturbation combines population and random
weights in finite state spaces, and perturbs Gaussian-
mixture weights, means, and covariances in continuous
spaces. Its explicit density score accounts for popula-
tion dependence in the perturbed gradient. The trans-
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port also couples the original and perturbed laws to
control their Wasserstein distance (Villani et al., 2009;
Delon and Desolneux, 2020).

Our contributions are threefold.

e We derive model-free policy-gradient estimators
combining policy and population scores, using
simulations at prescribed population arguments.
Population sensitivities are estimated through a
probabilistic representation in finite state spaces
and centered policy differences in continuous state
spaces.

e We prove objective perturbation bounds of order
O()) in finite state spaces and O(v/\) for a fixed
Gaussian-mixture representation. In the continu-
ous case, we separate the perturbation error from
the mixture approximation error. In both cases,
we establish gradient consistency and bounds on
the estimator’s bias and mean-square error.

e QOur experimental suite compares Transport RE-
INFORCE with REINFORCE on seven dis-
crete and continuous benchmarks, and with MF-
REINFORCE on the finite-state benchmarks, un-
der matched simulator budgets. We also develop
an explicitly solvable linear-dynamics setting with
Gaussian initial conditions.

2 BACKGROUND

Let (92, F,P) be a standard probability space and T <
oo. Weset T :={0,...,T}. The state space (X, B(X))
and action space (A, B(A)) are assumed to be Polish.
For t € [0,T — 1], let

P : X xP(X)x A— P(X),
e X X P(X) x A— R,

be respectively measurable transition kernel and run-
ning reward, and let g : X x P(X) — R be a measur-
able terminal reward. A randomized mean-field feed-
back policy at time ¢ is a measurable transition kernel
m 1 X X P(X) — P(A). Rather than optimizing
over all such kernels, we choose a parametric family
{n% : 0 € © C R%}, where © represents the com-
pact admissible set of parameters. Whenever a policy
score is used, we assume that 71'? admits a strictly pos-
itive density p{ with respect to a fixed reference mea-
sure v4 € P(A): 7¥(da | 2,m) = pf(a | x,m)va(da).
Given a parametrized randomized mean-field feedback
policy 7%, an initial distribution py € P(X) and set-
ting uf =P x¢, we consider the state and control pro-

cesses, (X?)ier and (af)T2' respectively, driven by

ay ~ (| X{, up),
Xf_t,-l ~ Pt( | Xfauf7a?)7 (1)

X§ ~ po,

The finite-horizon objective we seek to maximize is
then defined as

T-1

JGD¢=IE{§:7%@Y54£,aﬁ-+9(X?,u%)~ @)
t=0

Appendix A establishes well-posedness of (1)-(2) under
the stated assumptions.

Policy-gradient methods maximize objective (2) by
using a probabilistic representation of VyJ(#), using
a trajectory-based estimator of G(f) and updating
0« 60+ 7@(0) for v > 0. To see the difficulty cre-
ated by the population law, let

T—1
Ro =Y r(X{ . uf,af) + g(XF, uf),
t=0
T—1
8= Vologpf(af | X{ uf).
t=0

Throughout, the policy score differentiates 6 +—
logp?(a | x,m) with (a,2,m) held fixed, and is then
evaluated at the sampled action, state and popu-
lation argument. The usual REINFORCE term is
RF(0) = ]E[Rgsgol]. In mean-field control, however,
the whole population flow (u?);c7 also depends on 6.
Consequently, the full gradient takes the form

VoJ(0) = RF(6) + MF(6),

where MF collects the effects of the population flow on
rewards, policies, and state distributions which Ordi-
nary REINFORCE misses; see Meunier et al. (2026).

3 TRANSPORT MAP
RANDOMIZATION

We randomize the population argument through a
transport map. For A € [0,1) and t € [1,T], let
T} : Qx X x[0,1] — X be jointly measurable, and let
G :P(X) — P(X) be a measurable transformation of
the law. In continuous state space, we restrict its do-
main and codomain to Py (R?). For any 6 € ©, we set
MOA’Q = po, and for ¢ € [1,T], define the measurable
map MM : Q = P(X) as

MM (w) = TMw, )% (G(u) @U([0,1))) . (3)

The transformation G supplies a finite-dimensional
representation: it is the identity in finite state spaces
and an encoder—decoder map D o £ in continuous
spaces. The auxiliary uniform variable allows the
transport to change mixture weights. A determinis-
tic map of the state alone cannot, in general, split the
mass of an atom. The uniform variable supplies the
randomness needed for this operation.
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For each fixed w, a sample from M’(w) is obtained
by evaluating T (w, X,U) with independent draws
X ~ G(ufd) and U ~ U([0,1]), without requiring an ex-
plicit expression for the resulting law. This sampling
construction extends beyond the convex-combination
and Gaussian-mixture examples below to any jointly
measurable transport map that can be evaluated on
sampled inputs.

The perturbation of Meunier et al. (2026) also has
an encoder—decoder interpretation: it takes the form
softmax(logit(uf) + AU;), with standard Gaussian U;.
Their noise is added to the encoded coordinates.
In (3), randomness enters through the transport map
on the state space. This representation gives a cou-
pling between the original and perturbed laws, which
can be used to study distances between these laws.

Using the probability-valued random variable M{\’e,
we then consider the state and control processes
(X)) ier and (a;*"){" driven by

0 X0 A0 A0
XO ~ o, Oy N7Tt0( | Xt 7Mt )a
A0 N0 A AE NG
X~ Pi(- | X777, My, a7, (4)

with return and policy score

T-1
A0 N0 N0 A0 A0

Rg\ = Tt(Xt 7Mt y O )+g(XT aMT )7

t=0

o (5)
0, 20 MO a0

Spol = VQ logpte(at | Xt 7Mt )a
t=0

and objective J*(0) == E[R})].

Since T} is the identity, J° = J for G = Id.; Gaussian-
mixture projection instead gives Jp in (14). Ap-
pendix A gives a canonical construction of the control
problem.

3.1 Finite-state space

Let X = {z1,...,zn}, with N > 2. We identify
P(X) with Ay = {p € [0,1]" : 3, p; = 1} and write
(i) = p({x;}) = p(x;) for the density with respect
to the counting measure. Since p = ZZ]\; 1(4)0y,,
randomizing the population law amounts to random-
izing its weights. In the canonical construction of Ap-
pendix A.1, take E = R¥~! and R, = U,, where
(Ut)teqi,ry are independent random vectors with den-
sity p with respect to Lebesgue measure. Define
o Ul UN-—1
0 : RV 5 An,  o(u) = (e ""’;_1 7_1), (6
T4+ €Y

and set Q; = ¢(U;). For ¢ € Ay, let F, : [0,1] = X
be the inverse distribution map, with F,(0) = 1 and

Fy(v) = Timin{in<Ti_, a5} for v > 0. For A € (0,1),
define

TMw, z,v) = {

x, v < 1-— )\,
FQt(w)«U -1 +)\)/)\), v>1—M\,
and set T} (w,z,v) = z. The transport retains the
state with probability 1 — A and otherwise draws from
Q:. Consequently,
MM (w) = T w, -, (! @ U([0,1]))

— (=Nl +AQuw),  te[LT]. (7)
The assumptions and proofs below are given in Ap-
pendix B.2.
Proposition 3.1 (Perturbation estimate). For every

Ae€0,1),0 €0, andteT,

dry (M (W), 1) <X, P(dw)-a.s.

Theorem 3.2 (Perturbation consistency). Under As-
sumption B.1, there exists C7 > 0, independent of 6
and X, such that, for A € [0,1),

sup|J2(6) - J(8)] < CrA.
6ce

Moreover, under Assumption B.3, there exists C’¥ >0
such that

sup ||V J*(0) — Vo J(0)] < CF .
0co

Corollary 3.3 (Near-optimality of perturbed max-
imizers). Under Assumptions B.1 and B.3, suppose
that © is compact. Then, for every A\ € [0,1), J*
attains its mazimum on © at some 03, and

J(03) > max J(0) —2C7 .

Moreover, every accumulation point of (0%) as A — 0
mazximizes J.

Perturbation density and score. Use simplex co-
N—1

ordinates (qi,...,qn-1), with gy =1—=3",7" ¢;, and
set 0 '(q) = (log(qi/qn))N7". Densities on Ay are
taken with respect to Lebesgue measure in these co-
ordinates. By the change-of-variable formula, @; has
density

ple~'(q))
Hﬁil qi ,

If p is strictly positive and C', define, for u € RN~
a;(u) = 0Oy, logp(u). Set H := (Hy,...,Hy_1), and

define, for k € [1, N — 1], Hx : Ay — R by
Hi(q) = 0y, log fo(q)

_alp (@) =1 1+ > aile (9)
s an '

fola) = q€ KN-
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Write z¢ = (u¢(1),...,u¢(N — 1)), and define, for
z€ Ay and q € Ay,

Uy(2,q) = (1— Nz + A € Ay. (8)

Set Z% .= Wy (20, Qy). By (7), Z? is the coordinate

vector associated to Mt)"e. Fix z € Ay, set Yy (z) =

(1—=A)z+AAp, and let ¢*(y | 2) = (y—(1—\)z)/\ be

the inverse coordinate map on Yy (z). By Lemma B.5,
|

U (2, Q¢) admits a density h*(- | z), zero outside Yy (2)
and given, for y € Y)(z), by

Wy |2) = A" VDo | 2). (9)

In particular, Z;"’ has density h*(- | 2¢).
coordinate score, with y held fixed, is

Its base-

1

Py, 2) = Ve dogh(ul2) = 25 H (g (l2)).(10)

The score with respect to the policy parameter is
(D)5 (9,0,

where Df = ngf c RIN=1)xde

VologhMy | z{) =

The support Yy (z7) of h*(- | 2¥), and hence the inte-
gration domain, moves with 6. For the score-function
representation to have no boundary terms, the pertur-
bation density fo must vanish on the simplex bound-
ary OA . This holds when p satisfies Assumption B.4:
a Gaussian randomizer does, whereas a uniform dis-
tribution on the simplex does not. The logit—softmax
parametrization avoids this requirement, since its in-
tegration domain does not depend on 6.

Policy-gradient representation. Define the pop-
ulation score along a perturbed trajectory by

T
Sli’fe = Z Vg log hA(Zt)"a | zf)

t=1
T _a-1 T
ONT A (700 oNT
Z (DT Mz, 20) —~ Z (DHTH(Q,),
t=1 t=1
(11)
where the last equality uses ¢*(Z;"? | 2¢) = Q, in (10).

Theorem 3.4 (Model-free policy-gradient represen-
tation). Under Assumptions B.1, B.3 and B.4, for
every A € (0,1), and using the quantities defined in (5)
and (11),

Vo 0) = E[RY(S)Y

pol

+8n7)]-

The estimator follows Algorithm 1: uf is replaced by
the empirical flow i of M interacting particles, and

D? by the estimate D7*™"™ in (66), computed from n

auxiliary trajectories at scale n. With the returns R®)
s

and policy scores S,

perturbed by ng), the estimator of Vy.J*(6) is
ROIRC
ZR(Z’ (S +38). a2

A deterministic scalar baseline may reduce variance
without changing the expectation, since both scores
have mean zero.

of B independent trajectories

AN
C:B,M n

Theorem 3.5 (Bias and mean-square error). Under
Assumptions B.1, B.3, B.4, and B.8, if 0 < \,n < 1,
integers B,M,n > 1, and nn? > 1, there exists C > 0,
independent of 0, \,n, B, M,n, such that

IE[GS , (0)] — ww)n
1
<o(xent o)
E[IG}.(0) = VoI 0)]]

1+ A" 1 1
<C(N+—F— 2y — 4+ — .
< ( + B +n°+ o + M)
Minimizing the A-dependent terms gives A\, =< B~1/4,
—-1/4

and balancing the auxiliary terms gives 7, < n
These are choices based on the MSE bound, with un-
known constants.

3.2 Continuous-state space

Projection onto Gaussian mixtures. Let X =
R? and let the action space A be a non-empty closed
subset of R?. Population laws belong to Py (R%), and
the policies take values in P2 (.A). To obtain a tractable
perturbation density, we represent the population law
by a Gaussian mixture and randomize its parameters.
Fix K > 1 and a unit vector e € R?. Define Mg, =
{(my,...,mg) € RHE : (e;my) < -+ < {e,mK)},
Zx = A% x M x (S%,)¥ and g = (K — 1)+ Kd+
KD

We use the first K — 1 weights as coordinates, with
Pk = 1 — Zf:_ll pj. Together with the means and
the independent covariance entries, they identify Zg
with an open subset of R?%. The ordering fixes com-
ponent labels and restricts fitted mixtures to distinct
projected means. Randomization keeps these labels
but may reorder the means, so the decoder is defined
on the labeled space Zx = A% x (RH)F x (S4,)%
with no ordering constraint. The encoder assigns mix-
ture parameters to each population law:

Ex 1 P2(RY) — Zk, (1), mi (), Sx (1)),

B (pK
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where pr (1) = (pj. (1)1, M () = (my k(1) 5y,
and Y (pu) = (ELK(/L))jil are the fitted weights,
means, and covariance matrices, respectively. The de-
coder reconstructs the corresponding mixture:

K

=Y piN(my, %),

j=1

Dy : Zx — PQ(Rd), (p,m,X)

Thus the population approximation is

Gr : Pa(RY) = Pa(RY),  Gie(n) = D (Ex(p)).

Throughout, ¥; denotes a positive definite covariance
matrix and I'; = E;/ % its unique symmetric positive-
definite square root. We assume a measurable en-
coder with bounded, nondegenerate fitted parameters
along the population flow. Gradient results addition-
ally require smooth dependence of these parameters
on 0; Appendix B.3.1 states the precise conditions re-
quired to ensure the needed regularity. One choice is a
constrained likelihood fit, approximated on empirical
laws by constrained Expectation-Maximization itera-
tions (Dempster et al., 1977).

The initial population argument is kept exact: MI/\(”% =
po. For each ¢t € [1,T], write z%t = Ex(uf), with
components (pl ,, m% ,, X% ), and v , == D (% ,).
The vectors p%vt, m%“ and E%t collect the compo-
nent weights, means, and covariance matrices.

Randomized transport. Let R; = (Q, As, By),
t € [1,T], be iid. randomizers with law p, inde-
pendent of # and of the simulation randomness. Their
coordinates lie in AS, x (R?)X x (S1)K. We take Q; =
©(Ut), using the map in (6) with N replaced by K. As-
sume that B;; € By == {B €S%: (1 - \)I;+ AB = 0}
almost surely. When K = 1, ; = 1 and the free

weight coordinates are absent. For z = (p, m, (Ej)le)
and r = (g, a, (b;)i,), define
Ua(z,7) =((1= Np+Ag, (1= N)m+ Aa,

(5200 NI+ 2021 ), (13)

and set Z;‘(’et = \IIA(zﬁ{’t,Rt), with components
(p;‘(’ﬁ, ;\(«9“ 2)‘ 9) It takes values in gK, since pos-
itive definiteness follows from the support condition
on By Set Mpi(w) = Dr(Zy5w)), T} (w) =
(S5 (@)?, and T, 1= (89 1)V,

Proposition 3.6 (Transport representation). For ev-
ery A € [0,1), the construction in Appendix B.3.2 gives

a jointly measurable map T;;’i QO xRYx[0,1] — RY

such that

My(w) = T?eiw, LW, @U([0,1]))

20 2,0
= ij K, 4+ ( m; K,t(w)v Ej,K,t(w))v

The perturbed process (XtK’A’e,af(’)"e)

R;‘(’e and its policy score Spo1 are defined by (4)—(5),
with M;;'i in place of Mt’\’e7 and

, its return

Ti(0) = E[RY’]. (14)
For A = 0, the transport is the identity, so M%Gt = l/?(7t
for t € [1,T]. We write Jx = J% for the projected
objective. The assumptions and proofs of the following
results are in Appendix B.3.

Proposition 3.7 (Perturbation estimate). Under As-
sumption B.11, there exists Cx > 0, uniform in t, 0,
and X € [0,1), such that

(EWVEME 1) < Wavle 1) + CreV/N.

Theorem 3.8 (Objective perturbation consistency).
Under Assumptions B.11 and B.12, there exists
Ck,r > 0, independent of 0 and A, such that
JK(9)| < CK7T\f)\, A E

sup | J (0) — [0,1).

0€O

Projection error. The preceding limits hold for
fixed K. To compare with the original objective, de-
fine ex = supyce maxi<i<r WQ(V%’“N?). Under As-
sumption B.12, the same stability argument gives

sup |Jx (0) — J(0)] < CPep,

(4SC]

sup |Jx (0) — J(0)] < CPere + CrrVA, (15)
6co

where C2™ > 0 depends only on T and the Lipschitz
constant; see Appendix B.3.4. A rate for c¢x as K
grows requires additional approximation assumptions.

Proposition 3.9 (Optimality gap). Under Assump-
tions B.11 and B.12, let 0 € © be a maximizer of

Jp over ©. Then

0 <supJ(f) —
0cO

J(0%.5) < 2(C§r°jsx + C'K,Tﬁ)-
Thus a maximizer of J7 is near-optimal for the orig-
inal problem. The loss has two sources: the mixture
projection error €g, controlled by K, and a perturba-
tion cost of order v/, controlled by the randomization
scale. The proof is in Appendix B.3.4.
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Theorem 3.10 (Gradient perturbation consistency).
Under the preceding Assumptions and Assump-
tion B.13, J;; and Jx are differentiable, there exists
C’IV(,T < o0, independent of 8 and X\, and there exists
Ao € (0,1), such that, for A € [0, Ao],

sup IV (0) = Vo Tk (0)] < O 1.
€6

Perturbation density and policy gradient.
Densities on Zj are taken with respect to Lebesgue
measure in the free weight coordinates, mean coordi-
nates, and independent covariance entries. Fix A €
(0,1) and a base point z = (p,m,X) € Zk, and set
Ya(2) = ((1 = Mp+ AA%) x (RHF x (S1,)¥.
Inverting Wx(z,-) at y = (p,m, %) € Yx(z) gives the
inverse coordinates (¢*,a*,b*)(y | 2): for j € [1, K],
(q)\a a)\) = )‘71 [(ﬁv ﬁl) - (1 - )‘)(pv m)}a (]_6)
_ —1/2& w—1/2
Y = A3 s Y2 (1 - ).

Lemma 3.11 (Perturbation demnsity). Under condi-
tions (1)-(2) of Assumption B.14, the random variable
(2, Ry) admits a density b (- | 2) : Zx — [0,00).
For y € Y\(2), write (g,a,b) = (¢*,a*,bM)(y | 2).

Then
fala) fa(a) fB(b)
Myl 2) = e
where J* : Zx x (Bx)X — (0,00) is the Jacobian

factor given in (49). The density is zero outside Yx(z).

The formula for J» and the proof are given in
Lemma B.16 in Appendix B.3.6. For K = 1, the fac-
tor fo and the free weight coordinates are omitted.
Where the density is positive and differentiable in z,
define its base-coordinate score by

sMy,z) = V.logh*y | z) € R%,

which is the score with respect to the base coordinates
z, with y held fixed. The score with respect to the
policy parameter, D? = ng% ; € Rax xdo g

(D)8 (y, 2 0)-

(17)

Vologh*(y | 25,) =

This general construction specializes to the fully solv-
able linear dynamics framework developed in Sec-
tion C, where restricting to a single Gaussian compo-
nent (K = 1), the parameter score in (17) reduces ex-
actly to the explicit mean-field score of Corollary C.7.

Along a perturbed trajectory, define the population
score

S

St = ZVQ log h Z?( t|ZKt

t=1 t=1

E 9T>\ A0 6
D ZKta Kt

)-

Theorem 3.12 (Model-free policy-gradient represen-
tation). Let A € (0,1). Under Assumptions B.14
and B.17, the following holds:

V@Jl)% (0) = E[R;\(’O ('Spol + Smf)]~

The fitted coordinates are Z3/, = Ex (if7), DM i
the centered difference (67) (]m et al. 2()26) over n =
= U, (2 Kt,R ) With the
returns R(® and policy scores 8;()01 of B independent

main trajectories, the estimator is

1 B (b
=5 RS0
=1

2dgng particles, and Z(b)

G5 0) s&). as)

Let ar, bound the root mean-square error of the coor-
dinates fitted from L particles. Then ap; controls the
population fitting error, while a,,/n controls the fit-
ting error in the centered differences. Unlike empirical
frequencies in finite state space, mixture coordinates
require a non-linear fit, so the rate ay = L~'/2 needs
an additional assumption on its stability.

Theorem 3.13 (Bias and mean-square error). Under
the previous assumptions and Assumptions B.18, let
ng = n/(2dg). For admissible scales 0 < A < XA, 0 <
1N < no, with an, < n, there exists C < 00, independent
of 0,\,n, B, M,ng such that

[E[CYh. 0] - Voin (o)
§C(x\+aM+772+an"°>,
[HGB n(0) — VeJK(G)HQ}

aio 1+)\2)
7+ .

2 2 4
SC(A +ay +1 +772 5

If Assumption B.18 (2) holds with ay = N~/2 ie.

supy [||AN o —2|?] < C/N, then for ngn® > 1, we can
balance the scale- dependent terms in the MSE bound
to get A, < B~1/4 and 1, = ng"/°.

4 POLICY GRADIENT
ALGORITHM

Each policy update has two stages. The offline stage
estimates the population flow and its sensitivities at
the current parameter 6. The online stage holds these
estimates fixed and uses B perturbed trajectories to
estimate the gradient. Both stages are repeated after
each update; Appendix D gives the sampling details
and computational cost. Let (eg)?il denote the stan-
dard basis of R%.
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Figure 1: Top: validation gap against simulated transitions (mean and standard deviation over five paired seeds).
Bottom: the final policy’s population flow or terminal law for the first seed. Transport and Transport-Proba are
shown at their best scale. Dashed black curves show the reference policy.

~

Table 1: Final optimality gap |J(6) — J(0*)| (mean =+ std. over five paired seeds; smaller is better). Transport
is shown at A, = B~/ and at its best tested scale in parentheses. Transport-Proba uses its best tested scale.
Scale choices and evaluation of the reference policies are detailed in Appendix E.1.

Transport Transport-Proba
Benchmark J(6*) REINFORCE MF-REINFORCE at Ax best scale best scale
Two-state —2.64 29.0 £ 0.0 0.637 + 0.093 1.36 £0.13 0.359 £ 0.091 (A, /4) —
Distribution —0.05699 0.206 + 0.002 0.118 +0.024 0.0296 +0.0012  0.0255 + 0.0011 (), /2) —
Linear—quadratic =~ —7.224 0.216 4+ 0.002 — 0.0390 £0.0027  0.0196 £ 0.0012 (A, /4) 0.0469 £ 0.0028 (A./2)
Portfolio —13.15 6.87 £ 0.07 — 1.22 £0.07 0.586 + 0.152 (A, /4)

Bimodal (K = 2) 0 0.175 =+ 0.009 —

0.0903 £ 0.0053 0.00199 £ 0.00094 (). /8)

0.692 £ 0.156 (1. /2)

5 NUMERICAL EXPERIMENTS

Setup. We evaluate four finite-state benchmarks
(two-state control, cybersecurity, distribution plan-
ning, advertising) and three continuous-state bench-
marks (linear—quadratic (LQ) control, portfolio, bi-
modal allocation). The results for Cybersecurity and
advertising are presented in Appendix E.3. Baselines
are REINFORCE, MF-REINFORCE (Meunier et al.,
2026) on finite states, and, on LQ control and port-
folio, Transport-Proba, which replaces the centered
differences by a likelihood-ratio estimate of the mo-
ment sensitivities, as per Appendix C. Methods share
the policy class, initialization, number of updates and
simulator budget. Results use five paired seeds. We
report |J () —J(6*)|, where 6 is the final parameter re-
turned by training and #* maximizes the original, un-
perturbed objective J over the benchmark’s admissi-
ble policy class. Thus the reference 8* does not depend
on A, although the learned parameter does. Distribu-

tion planning uses a numerical reference. Appendix E
gives models, evaluation and settings. The code is
available at: https://anonymous.4open.science/r/
RL-MFC-TransportREINFORCE-44A3/.

Optimality gap. For each seed s, we compute the
paired validation gap A; = |J(0s)—J(6*)] and report
its mean and standard deviation. Transport has the
smallest mean gap in every row of Table 1 after scale
selection. The largest absolute gains occur in two-state
control and the portfolio, where REINFORCE ignores
how the policy changes the population; in two-state
control it moves almost all the mass to state 1 and in-
curs the population penalties (Figure 1). The compar-
ison is benchmark-dependent: cybersecurity gives sim-
ilar outcomes for Transport and REINFORCE, while
MF-REINFORCE has the higher mean objective on
advertising (Appendix E.3.1). At matched budgets, a
Transport run takes 2 to 16 times the wall-clock time
of REINFORCE, since each update also estimates sen-
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Algorithm 1 Transport REINFORCE
Require: initial parameter 8; budgets M, n, B; scales
A, n; step size v; randomizer law p; mixture size K
(continuous case)
1: for each policy update do
2:  Offline stage: population and sensitivity
3:  Estimate (uM)7_, using M interacting particles

under 6
4: if finite state space then
5: Compute (DJ"*™)T_| recursively by (66), us-

ing n rollouts per horizon at scale n
6: else

7 Fit K-component mixtures to (i} );
For each ¢ = 1,...,dy, fit Efi"e’f from inde-

pendent n/(2dg)-particle systems under 6 +
neg; set, fort =1,...,T,
0. DPMng, e (200 sy (o)
10:  end if
11:  Online stage: gradient estimation
12:  Hold the offline estimates fixed and simulate B
fresh perturbed trajectories at scale A, as in Sec-
tion 3.1 or 3.2
13:  Compute G using (12) or (18)
14: 6+ 0+ ’Yé
15: end for

sitivities and population scores (Table 7).

Mixture size. A single Gaussian retains the mo-
ments needed by linear—quadratic control and the
portfolio. Bimodal allocation instead depends on the
shape of the terminal law: its mean and variance are
constant in 6, so the K = 1 projected objective is con-
stant. With K = 2, the law is represented exactly. At
the same scale, the gap decreases from 0.142540.1239
to 0.0020 & 0.0009 (Table 5).

Perturbation scale. Smaller A\ reduces perturba-
tion bias but increases the variance of the popula-
tion score. Consequently, the best training scale de-
pends on both approximation and optimization error.
Figure 2 shows the resulting trade-off on four bench-
marks: the smallest gap is reached at \,/4 or A\./2.
On two-state control, A, gives a larger gap than MF-
REINFORCE, whereas A, /4 gives a smaller one. On
bimodal allocation, the mean optimization error is be-
low 10~* across the grid, and the smallest tested A
performs best. Thus B~'/4 provides a scale for tun-
ing, with a benchmark-dependent constant.

Bias and mean-square error. Table 2 compares
predicted and measured power. Sampling follows n~!,
M~" and B!, perturbation bias is nearly linear in \

at small scales, and exact-flow sensitivity follows 7*.

107 —a— Two-state
Distribution
- —®— Linear-quadratic

- —#— Portfolio

optimality gap / best gap

Figure 2: Final gap against A/\,, divided by the small-
est gap on the grid (mean over five paired seeds).

Table 2: Predicted powers pg and ranges of fitted log-
log slopes p across the six benchmarks in Table 9.
The exact-flow 17 sweep uses the two continuous bench-
marks. Fitting details are in Appendix E.3.6.

Error Swept Po Measured p
Sensitivity MSE 7 (exact) 4 [3.99,4.02]
Sensitivity MSE  n -1 [-1.23,-0.51]
Gradient bias A 1 [1.00,1.28]
Gradient variance B —1 [-1.03,-0.90]
Population MSE =~ M -1 [-1.07,-0.98]

6 CONCLUSION

We introduced Transport REINFORCE, a model-
free policy-gradient method for discrete-time mean-
field control. Randomizing the population argument
through a transport map gives the perturbed law a
tractable density, whose score recovers the mean-field
contribution missed by REINFORCE. We established
objective and gradient consistency for the finite-state
and projected continuous-state problems, with esti-
mator bias, mean-square error, and objective projec-
tion error bounds. At matched simulator budgets, the
method attains the smallest mean optimality gap on
the five main benchmarks after scale selection, and the
measured error rates agree with the predicted ones.

Several limitations remain. The bounds only fix the or-
der B=1/4 of the perturbation scale; the best constant
is benchmark-dependent, between A, /8 and A, /2, and
is selected after training. In continuous state spaces,
Gaussian mixtures are dense in (Pa(R%), W) (De-
lon and Desolneux, 2020), but our guarantees con-
cern Jgi for a chosen K. Deriving rates for ex re-
mains future work. Centered differences require 2dy
auxiliary particle systems. Finally, Transport is com-
parable to REINFORCE on cybersecurity and below
MF-REINFORCE on advertising. Future work in-
cludes adaptive scale selection and sensitivity estima-
tors whose cost does not grow with dy.
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Potential extensions include non-exchangeable mean-
field systems (De Crescenzo et al., 2026; Mekkaoui
and Pham, 2026) and graphon interactions (Bayraktar
et al., 2023; Coppini et al., 2025; Cao and Lauriere,
2025). This replaces P(X) by P,(I x X), the space
of probability laws with prescribed label marginal v
on a compact label space I (Mekkaoui et al., 2026);
transport perturbations would then act on the state
coordinate while preserving labels. Another direc-
tion is multi-agent reinforcement learning (Yang et al.,
2018), particularly cooperative systems approximated
by mean-field control (Gu et al., 2021), where pop-
ulation randomization could account for the effect of
policy updates on the collective dynamics.
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AT use statement

In this work, we used generative Al tools for imple-
menting methods numerically, providing feedback on
research methodology and experiments, and assisting
in the writing of proofs. The proofs rely on standard
mathematical techniques; Al assistance in this context
was limited to helping locate references for inequalities
used to bound or control certain quantities. We have
not used generative Al tools for helping develop the-
oretical models or conceptual frameworks, formulat-
ing mathematical claims, providing critical ingredients
for proving mathematical claims, proposing or refining
hypotheses, assisting with translation, or interpreting
results; generating synthetic data sets, cleaning and
reformatting datasets, and supporting qualitative and
thematic data analysis are not applicable to this work.
Additionally, we used generative Al tools for creating
and modifying scientific figures, creating and editing
software code, brainstorming, sourcing and searching
for information, and editing the research paper to im-
prove readability. We have reviewed all Al-assisted
work. All Al-assisted proofs were checked line by line
by the authors. All LLM-generated code, including
the code used to generate the scientific figures, was
verified and tested by the authors. All edits made

to improve readability were reviewed, and all infor-
mation provided by the LLM was verified and fact-
checked. We take responsibility for the final content
of this work, including text, claims, or artifacts pro-
duced with the aid of generative Al
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CHECKLIST

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes, see Sections 2, 3 and 4.]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes, see Appendix D.]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes, see Section 5.]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes, see Appendix B.]

(b) Complete proofs of all theoretical results.
[Yes, see Appendix B.]

(c) Clear explanations of any assumptions. [Yes,
see Appendix B.]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes, see Section 5.]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes,
see Appendix E.|

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes, see Appendix E.]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes, see Appendix E.]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes, see Section 5 and Ap-
pendix E.|

(b) The license information of the assets, if ap-
plicable. [Not Applicable.]
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(¢) New assets either in the supplemental ma-
terial or as a URL, if applicable. [Yes, see
Section 5.]

(d) Information about consent from data
providers/curators. [Not Applicable.]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable.]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable.]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable.]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable.]



A PROBLEM FORMULATION

We present in this section the formal setup used throughout the paper: the canonical construction of the
controlled process, the well-posedness of the control problem, and the decomposition of the policy gradient.

Notations. For a Polish space E, let B(E) be its Borel o-algebra and P(E) its Borel probability measures,
equipped with the weak topology. For a measurable map F': E — E’, Ffiu denotes the pushforward of u € P(E)
by F; in particular, £(X) = X#P whenever X : Q — E is measurable and P € P(Q). We write Py(R?)
for probability measures with finite second moment. Let C!(D) denote the space of continuously differentiable

functions with compact support over D C R™. We use | - | for absolute values, || - || for Euclidean norms and
operator norms of matrices, || - ||p for the Frobenius norm, and ||v|[1 = ), |v;|. Define
dry(p,v) = sup [u(A) —v(4)l,  Wi(pv):= _inf / lz = ylI*y(dz, dy),
AeB(E) YE(p,v) JRA xRE

where the second definition applies to p,v € Po(R?) and II(u,v) is their set of couplings. On a finite space,
drv(pu,v) = 2||‘LL — v|j1 (Levin and Peres, 2026, Proposition 4.2). Let Ay = {p € [0, 1]N 0>, pi = 1} with

relative interior AN = {p € An : p; > 0 Vi} and relative boundary 0Ax = Ay \ AN ={p €Ay :p =
0 for at least one i}. Finally, S? denotes the set of symmetric matrices over R4*? while Si ., denotes the sym-
metric positive-definite ones. We denote A (m,X) for the Gaussian law with mean m and covariance ¥, and
U([0,1]) for the uniform law on [0,1]. Given two matrices A, B € S¢, we say that A = Bif A— B € S% . Given
an open set O C R? and a differentiable function f : O — R, we denote by Vf : O — RP its gradient. More
generally, if f : O; x O — R, we denote by V, f and V, f its gradient maps with respect to the first and second
variables, respectively.

A.1 Canonical construction of the control problem

Fix a finite integer T' > 1 and set 7 := {0,...,T}. Throughout, X and A are non-empty Polish spaces, P(X) is
endowed with the topology of weak convergence and its Borel o-algebra, and the kernels P, : X x P(X) x A —
P(X) and 7 : X x P(X) — P(A), t € [0,T — 1], are measurable. By Kallenberg (1997, Lemma 2.22 (kernels
and randomization)), there exist measurable maps

F:XXPAX)XxAX[0,1] =&,  F:XxPX)x[0,1] = A,
such that Fy(x,m,a, )§U([0,1]) = Py(z,m,a) and Fy(z,m,)tU([0,1]) = m(z,m) for all (t,z,m,a) € [0,T —
1] x X x P(X) x A. Let also E be a Polish space and p € P(E), used below to randomize the measure argument.
Canonical space. Let g € P(X). Set
Q=X x 0,17 x [0,1]" x ET,

with canonical element w = (xg, €1.7, €1.7, €1.7), endowed with its product Borel o-algebra F and the product
measure

P(dw) = po(dzo) @ U([0,1))*7 (der.r) @ U([0,1])*7 (dér.1) @ p* 1) (derr).
The coordinate maps &(w) = xo, €:(w) = €, €(w) = &, Ri(w) = e; are then mutually independent, with £ ~ o,

Gt,gt NZ/I([O, 1]) and Rt ~ p.

State and control processes. Define X;: Q — X fort € T and oy : Q — A for ¢t € [0, T — 1] recursively by

Xo :é-v
oy = Fy (X, Px,, & 41), tefo, 7 —1]. (19)
Xt+1 == Ft (Xt,PX“ Qi €t+1)7

This is well defined since Py, is determined by the construction up to time t. Let F; := o(&, €1.¢, €1.¢). Since €41
is independent of F; and ;41 is independent of F; V o(€41), we get, P-a.s.,

Loy | Fr) = m(Xy, Px,), L(Xpy1 | FVo(éq)) = P(Xe, Px,, ).
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Randomized measure argument. Fix 6§ € © and let (X?);c7 denote the unperturbed process associated
with 7%, with population flow uf = Pxo. We set Mé"a = pd = po. For A € [0,1) and ¢ € [1,T], define the
P(X)-valued random variable

Q5w MM (W) = TMNw, - (G (d) @ U(0,1])),

where TP (w, ,u) = ®* (Ry(w), z,u) for some measurable maps ®* : E x X x [0,1] = X and G : P(X) — P(X).
For every bounded continuous function f: X — R,

/ £(y) MM (w)(dy) = / / £ (@ (Ri(w), 2, 0) U (0, 1)) (du)G (1) (da)
X X J[0,1]

is o(R;)-measurable by Fubini’s theorem. Since the Borel o-algebra of P(X) is generated by the maps m
S v fdm, Mﬁ"’ is a o(R;)-measurable random probability measure.

Perturbed state and control processes. For fixed § € ©, apply the preceding randomization construction
to the policy 7% and denote by FY : X x P(X) x [0,1] — A a measurable map satisfying F? (z, m, -){([0,1]) =
7(- | ,m). Define X;*% : Q@ — X for t € T and o)’ : @ — A for ¢ € [0,T — 1] recursively by

X)\,G _ é-

0 )

A0 Al A0 A0~
Oét)\ 0: Fte (XtA 9, Mt}\ 97 6,;;19)7 t e [[O, T— 1ﬂ
Xt-i’-l = Ft<Xt7 S M oy a€t+1)

As for the unperturbed process, conditionally on (X;?, M?), the action "’ has law (- | X%, M%) and,
given also ai"e, Xt)‘jﬁ has law P;(- | Xt’\’e, Mt)"a, a;\’g). Fort > 1, X{\’e depends on the perturbation randomizers
only through R;,..., R;_1, whereas Mt)‘ -6 depends only on Ry; the two are therefore independent. In general,

Mt)"e #* E(Xt)‘ ’9), since Mf‘ % is a randomized population argument supplied to the policy and transition kernel
rather than the law induced by the perturbed state process.

Simulation access. Given (t,z,m,a) € [0,T—1] x X x P(X) x A, the simulator returns the reward r;(z, m, a)
and an independent draw from P;(- | ¢,m, a). At the terminal time, given (x, m) € X x P(X), it returns g(x, m).
The transition kernels and reward functions are otherwise unknown. The policy 7? and its score Vglogp? are
known and can be evaluated at prescribed population arguments. Population laws are estimated from particles
whenever they are not available exactly.

A.2 Well-posedness of the control problem

The state space X is either a finite subset of R? or R? itself. The action space A is a non-empty closed subset
of R%. Policies are parametrized by § € ©: we denote by (X!, a) the processes defined by (19) with 7, = 7¢,
set puf = Pxo, and define the objective J: © — R as

~

J(0) = E[ re (X7, 1l ad) + g(X%u?r)]
t

i
=

We first give the finite-state argument, then treat the moment and continuity requirements in continuous state
space.

A.2.1 Finite state space

Let X = {z1,...,2n} and identify its probability laws with Ay. For fixed 6, the policy-averaged kernel
Kf:XxAN%AN andrewarde:XxAN—)Rare

Kf(xj | z;,m) ::/ P({z;} | xi,m,a)ﬂf(da | z;,m),
A

R (1, m) = / re(zs, m, aymd(da | z;,m).
A
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Assumption A.1 (Finite-state well-posedness). The initial law po € Ay is independent of 0, and the policies
and transition kernels are measurable. The rewards satisfy |ri(z;,m,a)] < T and |g(x;,m)| < G uniformly
in their arguments. For every t,i,j € [0,T — 1] x [1,N] x [1,N], the maps (6,m) — K{(z; | x;,m) and
(0, m) — RY(x;,m) are continuous on © x Ay, and m v+ g(z;,m) is continuous on Ax.

Proposition A.2. Under Assumption A.1, the original process and its finite-state perturbation are uniquely
defined in law. Their objectives J and J*, X € [0,1), are continuous on © and bounded in absolute value by
T7T 4+ g. In particular, they attain their maxima when © is non-empty and compact.

Proof. Starting from pg, compute successively

N

Nt+1 Zﬂt VKL (25 | i, p1f), j € [1,N].
i=1

Each right-hand side is nonnegative, and summing over j gives one. This recursion therefore determines a unique
flow in Ay . Substituting that flow into the policy and transition kernels determines the joint law of states and
actions by the canonical construction. To check continuity, let 8,, — 6. The claim is immediate at ¢ = 0, since
pdm = puf = po. Suppose that pl (i) — uf(i) for every i. By the continuity of K? and the fact that the sum is
finite, for every j,

N N
On (. On (s On On 0/(; 0 0 0 .
neta () = Zﬂt (K" (x5 | 2 py™) — Zﬂt (KL () | @iy py) = ppg (4)-
i=1 i=1

Thus induction gives continuity of 6 — u? for every ¢t. Consequently,

=
-

N N
> ul )R (i, ) + > (g (i, )
i=1

t =1

Il
=]

is continuous and has the stated bound.

For the perturbed process, fix a realization ¢ = (q1,...,qr) € (Ax)T of the randomizers and write
A0 . A0 .
Mg (q) = po, M (q) = (1= Npf + Age,  t> 1.

These supplied population arguments are continuous in 6 by the result just proved. Conditional on ¢, define the
state-law recursion

~A,0, .

Ko a = Mo,

“NOq . N ~\0,q/: 2,0

/Jt+1q(J) = Zi:1 M q(Z)KtG (xj | 24, M (Q))

The same induction as above, now using continuity of both 8 — M;»’(¢) and (6, m) — K9(- | 2;, m), shows that

i) — M4 for every t. Hence the conditional objective

-1 N
ZZ e Re(xZ,M)‘G Z~,\9,q x“M,\e( ))
t=0 =1
is continuous in 0. Moreover, | J*(6,q)| < TT + g for every (0, q). Since J*(0) = E,[J*(0,q)] and the law of g is

independent of 6, dominated convergence gives continuity of J*. The final claim follows from compactness. [

A.2.2 Continuous state space

We now take X = Rd Equip P2(X) and P2(A) with the Wasserstein distance Wy. For any m € Pq(X), we
also denote My(m) := [, |lz||*m(dz). The following assumptions ensure finite second moments and a finite,
continuous ObJeCthG

Assumption A.3. The parameter set © C R is non-empty, and the initial law o € Po(X) is independent of
0. For each t € [0,T — 1], the following conditions hold.
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1. Continuity of the kernels. For every sequence (0, Ty, Mp,an) = (0,2,m,a) in © x X x Pa(X) x A,

Wg(ﬂ't (| Zn,mn), 70 (- | 2 m)) — 0, WQ(Pt(' | T, Mpyan), Pe(- | z,m, a)) — 0.

2. Continuity of the rewards. The maps ry : X X Pa(X)x A — R and g : X X Py(X) — R are jointly continuous.

3. Quadratic growth. There exists C > 0 such that, for all (8,x,m,a) € © X X X Pa(X) X A,
J PR 2m) < €1+ o+ 2a(m).

/ lyl*P:(dy | z,m,a) < C(1+ [lz|* + [lal|* + Ma(m)),
[re(z,m,a)| < C(1+ [[z]* + [lall® + M2(m)),
lg(z,m)| < C(1+||z|* + Ma(m)).
Proposition A.4. Under Assumption A.3, uf € Pa(X) for all (6,t) € © x T, and

sup (maxE[IX7|"] + max E[fe?]]) <

Moreover, for every t € T, the map 0+ ul is continuous from © to (Po(X), Ws), and the objective J : © — R
is finite, bounded and continuous on ©.

Proof. Fix 6 € ©. The canonical construction yields, for t € [0,7 — 1] and B € B(X),
pta(B) = [ [ B ad o)l ). (20)

Starting from uf = po, equation (20) determines the probability flow (uf);e7-
The joint law of the states and actions is then

T-1

po(dzo) [ [7f(day | @y, pf) P(dwrin | @, pf ar)].
t=0

We prove by induction that each uf has finite second moment. Whenever uf € Po(X), write uf = My(uf).
Assumption A.3 gives

[Hoth |<ca + 2u?), uf_H <1 +2u! + C(1 +2uf)).

Thus 41, € P2(X) and the second inequality bounds uf, ;. Since u) = Ma(4o) is independent of 6, C' is uniform
in t and 6, and T is finite, induction gives the uniform second-moment bounds. Moreover,

]EHTt( t,,ut,ozt)H < C’(l—i—?ut +E[||oz ||2]) < 00, ]EHg(X:ep,,ufer)H < C’(1—|—2ug~) < 00.

Hence J(0) is finite and the uniform bound over 6 € © follows from the uniform constant C.

To prove continuity, let 6,, — 6 in ©. We prove ,u?” — pf in Wy by induction on ¢. The case t = 0 is immediate
because all initial laws equal pg. Suppose the claim holds at some ¢t < T

We use the characterization of convergence in the Wasserstein space in Villani et al. (2009, Definition 6.6 and
Theorem 6.7). Fix a continuous function f : X — R satisfying |f(y)| < Cy(1 + ||ly||?) for some C; < oc.
Applying this characterization successively to P; and 7¢, together with their continuity and quadratic-growth
bounds, shows that the map

O x X x Po(X) 3 (0,,m) —> h(6, ,m) = / / F) Py | 2, m, a)7?(da | z,m) € R
AJX
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is continuous and satisfies
h(0,z,m)| < Cy (1 +O+CO)(1+ =) + Mz(m))). (21)

Passage to the limit follows by uniform convergence on compact sets and uniform integrability. Indeed, by (20),

/X fduls, /X fdud,, = /X (B2, 107) — B0, 2, 1)) 0 () + ( /X h(6, 2, u )l (da) — /X hw,x,uf)uf(dm)).

The second term vanishes by the induction hypothesis and the characterization, since h(f, -, u?) is continuous
with quadratic growth by (21). For the first term, fix R > 0. On the compact set X N {||z|| < R}, h(On, -, ui") —
h(0, -, u?) uniformly, because h is uniformly continuous on the compact set ({6, }, U{0}) x (X N {||z| < R}) x
({4} U {uf}). On {|z]l > R}, the bound (21) and sup, Ma(ul") < 00 give [A(Bu,z, u0") — h(6, 2, )] <
K(1+ ||z]|?) for some K independent of n. Hence

lim sup ‘ / (h(@n, :z:,,uf") - h(e,x,uf))uf" (dx)
X

n—oo

< Klimswp [ (14 ol (do),
{llz]|>R}

n—oo

and the right-hand side vanishes as R — oo by the uniform integrability part of the characterization. Therefore
N duf_?_l = [f du? 1. Since f is arbitrary, the characterization yields ,uf_jil — uf 1 in W, which completes
the induction.

Finally, for ¢t € [0,T — 1],

E[r(X?, 1, 0f)] //w Yl (da | o, 10) i (da).

Since rt is continuous with quadratic growth by Assumption A3, the argument above, with r;(x, m,a) in place
of [, f(y)Pi(dy | z,m,a), shows that (6, z,m) — [, ri(z,m,a)nf(da | x m) is continuous and bounded by
C(1+ C)( + ||| + Ma(m)). The same splitting then gives E[ri(X/" pf of")] — E[r(X?, ¢, a?)]. The
terminal term is handled identically with g(-, ur) in place of h(6y,-, ui"). Hence J(6,) — J(0), and J is
continuous on ©. O

B PROOFS

B.1 Common definitions

Under Assumption A.3 (or Assumption B.1 below), the following maps are well defined. For ¢ € [0,T — 1] and
0 € O, define the policy-averaged transition kernel and reward by

K?: X x Py(X) — Pa(X), K?(dz' | z,m) ::/ Pi(da’ | &,m,a)n?(da | z,m),
A

RV X x Py(X) — R, RY(x,m) ::/ r(z,m,a)r?(da | z,m).
A

Thus K{(- | ,m) is the conditional law of the next state given the current state = and population argument m,
after averaging over the randomized action. Define also

B Po(X) x Pa(X) — Pa(X), W(vm) = | K- |o,m)v(da),
X
Rf :Pa(X) x Pa(X) — R, Ef(y, m) ::/ RO (z,m)v(dx),
X
G:Pa(X) X Pa(X) — R, g(v,m) = /Xg(:v,m)l/(dz). (22)

The first argument is the state law being integrated, while the second is the population argument supplied to
the policy, transition kernel, and rewards.
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B.2 Finite-state space

This appendix gives the assumptions and proofs for Section 3.1. Simplex derivatives and densities use the
coordinates (mi,...,my_1), with my =1—37, _y my.

B.2.1 Perturbation estimate

Proof of Proposition 3.1. At t = 0, the distance is zero because Mé"e = po. For t > 1, since Mt)"g(w) =
(1 = Npf + AQ¢(w) for any w € Q, and drvy(p,v) < 1 for any u,v € P(X), it follows that

dry (MM (), 1) = v (Qe(w), uf) < A, for any w € Q.

B.2.2 Perturbation consistency

Assumption B.1 @oundedness and Lipschitz continuity). The maps r¢ and g are uniformly bounded in all
their arguments by R and g, respectively. For all admissible t,0,i,m, m’, we assume that the following bounds
hold with constants independent of these arguments:

drv(KL(- | i,m), K¢ (- | i,m’)) < Lgdpy(m,m'),

|RY (i,m) — R (i,m’)| < Lrdry(m,m’),

lg(i,m) — g(i,m/)] < Lydyy (m,m’).

Lemma B.2 (Stability of the state law). Under Assumption B.1, the law v;"* = L(X?) satisfies

dTV(VtA’euu’f) < LKt}\a te [[17T]]

Proof. For t € [0,T — 1], define the averaged kernel ?;\’9 : X — P(X) by Ff"e(- | #) = E[KO(- | =, M]*")]. By
definition of K, conditionally on (X%, M) = (x,m), the next state has law K?(- | ,m). For t > 1, X’
depends on the perturbation randomizers only through U, ..., U;_1, whereas Mt’\’e depends on the randomizer
U;. Hence XtA’e and M;"a are independent. At t =0, Mé"e = pg is deterministic. Therefore,

A0 2,0 —=X,0
ﬁ(Xt-i-l | X = x) =K, (-]z).

—A,0
It follows that ut/\ _;_01 = ut’\ YK + . On the other hand, the unperturbed population flow satisfies

= pd K| pd).

For a probability measure v and a Markov kernel K, we use the notation (vK)(i) := Zjvzl K(i | j)v(j). We
bound dTV(l/f‘fl, 19,1) by inserting the intermediate law v KO(- | -, ). By the triangle inequality,

20
dTV(Vt)\-t,’-ela/Jg-q—l) < dTV(V{\’aKt ) VZ\’Qth(' | vM?)) +dTV(Vt/\79KtQ(' | 'vuf)a Mfth(' | ',Mf)) . (23)
) (11)

Bounding (I): Fix j € [1, N]. Since fi\’eﬁ | §) = B[KZ(- | 4, M) and g — dry (i, v) = sup 4 [u(A) — v(A)] is
a supremum of functionals affine in p (hence convex), Jensen’s inequality gives

dev (K1), KECjont)) = doy (BKLC 13 M), K21 Gud))

< B[dry (KEC 15, M), K21 jot))|

< Ly E[dry (MM, 1)) < LA,
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using Assumption B.1 in the second-to-last step and the perturbation estimate of Proposition 3.1 in the last
. A0 - .
step. Since ;" is a probability measure on [1, N, for any A

N
—A,0 .
R A) = K| \Z PG E (AL~ KAL)

IN

N
Z () dov (B (1), KO 1 Gond)) < Lich,

and taking the supremum over A yields (I) < Lg .

Bounding (I1): Here the same kernel row K?(- | -, ) is applied to the two laws v;"’

show the general contraction property

and pf, so it suffices to

drv(vK, pK) < dov (v, p) (24)

for any probability measures v, ;1 on [1, N] and any Markov kernel K on [1, N]. Let A* = {j : v(j) > u(j)};
since > (v(j) — p(j)) = 0, the standard identity (Levin and Peres, 2026, Proposition 4.2 and Remark 4.3)

drv (v, 1) = V(A*) =A%) = Y 00 (0(5) = 1)) = = 32,4+ (#(3) — () holds. Then, for amy A,

N
(WK)(A) - => K(A]j)

j=1

K(A1])+ Y (v(G) —n())K(A]])

jGA* JEA*

1+ Z -0 =drv(v, 1),
EA* JEA*

<.

where the inequality uses K(A | j) < 1 on A* (where v(j) — p(j) > 0) and K(A | j) > 0 off A* (where
v(j) — ,u(j) < 0). Applying the same argument to (uK)(A) — (vK)(A) gives the reverse bound, so |(vK)(A) —
(LK)(A)| < dry(v,p) for every A, and (24) follows by taking the supremum over A. Applying (24) with
K=K |-, 1) gives (1) < dpy (v}, uf). Consequently, combining the bounds on (I) and (II) in (23),

dTV(VterMtJrl) < dTV(Vt ;ﬂt) + LA

The result follows by induction from ué‘ 0 = 14o- O

Objective estimate in Theorem 3.2. Fix t € [0,T — 1]. We add and subtract E[R (XM, uf)). By the Lipschitz
property in Assumption B.1 and Proposition 3.1, |R(XM?, M) — RO(XM uf)| < L dpry (MM, 1f) < LrA
point-wise. Moreover, since |RY| < R and ;"% = £(X™?),

- \Z HON A

[E[RI(X, Zﬂt (i) RY (i, 1) < 2Rdrv (v, 1),

using >, |v(i) — pu(i)| = 2drv (v, p). Hence

(B[R, M) L VR (G, )| < 2Ry (77, 1) + L.

The terminal contribution is bounded by 2g dTv(V%’G, 15) + LyA. Summing and applying the lemma yields

|JO) — J(0)| < CrX,  COr = RLgT(T — 1)+ LgT + 2GLKT + L.
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For the gradient estimate, use the coordinate simplex Zy = {u e [0,V . Zg 11 up < 1} Write 2¢ =
(1), ..., pd(N—=1)), 20 = (), € RT+DXN=1 "and DY = Vyz?. The time-t block is DY € RIN=1)xds  For
a prescribed coordinate flow z = (z)L,, let m; = (zt, — Y pon 2t(k)) and define v; : © x 25T — Ay and

Fy:0x Z{™ - Rby
vh (2 )=uo, v (2) = of () K7 (- | - my),

Z Do DR i me) + 3 v (2) (D)g (i, mr). (25)

Here, the product of a probability vector and a transition kernel is defined component-wise by

[Ute(Z)Kf( | M th Kg CL'] |x“mt) ] € [[17NH'
Equivalently,
T-1 T—1
Fn(0,2) =/ [Zrt(mt,mt,at) +g($T7mT)},UO(dwO) 11 [Wf(dat | 2, me) Pe(dzesr | 2o, me, ar) |-
XTHIXAT =4—p t=0

For fixed z, the flow (m;)’_, is fixed, so only the policy factors depend on 6. Thus differentiating with respect
to 6 produces only the policy score terms. Thus Fly is the objective for a prescribed population flow. For w € (,

write g;(w) = (Q¢(1)(w), ..., Q¢(N —1)(w)) and q(w) = (g¢(w))L ;. With 2M(w) = (1—)\)2 + A\q(w), and setting
28"0 = 29, we hence have that J(0) = Fx (6, 2%) and J*(0) = E[Fn(0,2?)].

Assumption B.3 (Gradient regularity). There is an open set ©° D O such that the following conditions hold.
Derivatives in m are taken in the coordinates (my,...,my—1), with my =1 — Zk 1 M.

(1) For everyt € [0,T —1], 4,7 € [1,N] and va-a.e. a € A, the map (0, m) — p?(a | x;,m) is Ct on ©° x Ay,

[e]
and the maps m — Py({x;} | z;,m,a), m — ri(xi,m,a) and m — g(z;,m) are C' on Ay. These maps
are continuous on their full domains ©° x Ay and Ay, respectively, and their first derivatives extend
continuously from the interior to these domains.

(2) The functions Py, ry, g and their first derivatives are bounded and Lipschitz in m, uniformly in (t,1,j,a) €
[0, 7 —1] x [1,N] x [1,N] x \A.

(3) The function pf, its first derivatives in (0, m), and the Lipschitz constants in m of these derivatives are
bounded by a measurable map ¢ : A — [0,00), uniformly in (t,4,6) € [0,T — 1] x [1, N] x ©°,m € Ay, for
some £ € L' (v4).

(4) The initial law pg is independent of 6.
Gradient estimate in Theorem 3.2. Starting from the constant map 6 — g, the population recursion defined

in B.2.2 as pf, ,(j) = Zfil (@)K (5 | i, 1f) and Assumption B.3 give C' maps u; : ©° — Ay by induction for
any t € [1,T]. Differentiating this finite sum by the product and chain rules gives

N
Vougsa(j) = Y KL (G | i, 1) Vot (i +Zut ) [VoK? (G | i) + (D) VKL (G |, 1) (26)

i=1
Here the last term is the chain rule through u?, whose first N — 1 coordinates have derivative D?.

Since pf (N) =1 =,y #¥(i), and by Cauchy-Schwarz

N
S IVerd (@) <2 3 Vol () < 20N 111Dl
=1

<N
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where we recall that ||DY||Z = Zf\;l |Voud(i)||>. The derivatives of K{ are uniformly bounded by Assump-
tion B.3, and >, p¢ (i) = 1. Thus, summing (26) over j < N gives ||DY, [|r < Cn,r(1 + ||D{|lr). Because pg
does not depend on 6, D§ = 0. Induction over the finite horizon therefore yields

sup max || D?|lg < Oy 7. 27
g‘égmx” illr < Cnr (27)

We next record the regularity of Fy. Recall from (25) that

T—-1 N N

=> Z DR, me) + 3 o (2)(0) gli, mr),
t=0 i=1

i=1

RNX(Nf

where m; is affine in z;, with constant Jacobian Ay € D). By the product and chain rules,

VoFn(0,2) Z > (Vort (2)(0) REGma) +v{ (2)(0) Vo RYG.m) +Zv9UT 2)(i) gli, mz),
V.. Fn(0,2) szzt v?(2) (i) RO (i, my) +szth (2)(2) g(i,mT) +th DV Ry (i, M),
s=0 1

for t € [1,T], where R, = RY for t < T and Ry = g. By Assumption B.3 and dominated convergence, K/,
RY, g and their first derivatives in (6, m) are bounded and Lipschitz in m, uniformly in §. Differentiating the
recursion vf,;(2) = v!(2)K{(- | -,m;) expresses Vou, | and V.vl ; through vf, Vof, K¢ and its derivatives.
Since v{(z) € Ax and v§ = p does not depend on (6, z), induction over the finite horizon shows that v¢, Vyv?
and V,v¢ are bounded and Lipschitz in z, uniformly in §. Each term in the two gradients above is a product of
such factors, which gives, uniformly in 6 and in probability flows z, 2/,

IVoFN (0, 2)|| + | V2Fn (6, 2)] < Cnyr,
IVoFN(0,2) = VoFn (0,2l + [V-Fn(0,2) — V. Fn(0,2))| < Cnrllz = 2. (28)

We use the Euclidean norm ||z — 2/[|2 == 21 S0 |2 (k) — 2,(k)|%. Under this identification, DY = V, €
RT+D(N=1) ig the Jacobian of the coordinate flow.

For each realization of ¢, set 2% = (1 — \)z? + A\q. Since each ¢; and f is a probability vector,

M =2 < CnrA, VoM = (1-A)D. (29)
The chain rule for J(6) = Fy (0, 2%) gives

VoJ(0) = VoFn(0,2°) + (D) V.Fxn (8, 27).

For the perturbed composition the same rule gives the integrand Vg F (6, 2M9)+(1—X\)(D?) TV, Fn (6, 2M?). The
derivatives in this expression are uniformly bounded by (27) and (28). Thus they provide an integrable bound
independent of ¢. Differentiation under the expectation defining J* is justified by dominated convergence, and
hence

Vo (0) = E [WFN(Q, A0 1 (1 - A) (D) TV, F (6, ZW)] (30)
Subtracting these identities, and adding and subtracting (1 — \)(D?) "V, Fx (0, 2?), yields
Vo (0) — Ve (0) = E[WFN(e, YV Fy (6, 27)
+ (1= AN(D)T(V.En(0,2M) = V.En(0,29) = N(D?)TV.Fn(8,2%)].
Applying (27), (28), and (29), and using 1 — XA < 1, gives

sup || Vo J2(8) — Vo J(8)| < CY A, CcY = Cnr.
0co

This proves the gradient estimate. 0
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Proof of Corollary 3.3. By the proof of Theorem 3.2, J and J* are differentiable on ©° O ©, hence continuous
on the compact set ©. Maximizers 0* of J and 6% of J* therefore exist, and the objective estimate gives

J(03) > JMNO) — Crh > JMNO*) — CrA > J(6%) — 2CT .

If 65— 0 with X\, — 0, continuity of J gives J(#) = lim,, J(05 ) > J(6*), so 6 maximizes .J. O

B.2.3 Density and score for the affine perturbation of the weights

Assumption B.4 (Assumptions on the law p of the randomizer (Uy)icpi 7). We will assume the following:

(1) The random variables (Uy)ep1, 1 are independent and identically distributed over RN =1, with density p with
respect to the Lebesgue measure, with p € CL(RN=1: (0, +00)).

(2) There exist constants C, >0 and 3 > N such that, for every u € RN=1,

p(u) (1 + |Vog p(u)||;) < CpePllull,

This condition concerns only p and its score. Since p > 0, its left-hand side equals p(u) + ||[Vp(u)|1. Every
nondegenerate Gaussian density satisfies it: its density has quadratic exponential decay and its score grows at
most linearly.

Lemma B.5 (Law of the perturbed population). For every z € Zy and A € (0,1), the random variable ¥ (z, Q¢)
admits the density h*(- | 2) defined in (9) with respect to Lebesgue measure in simplex coordinates:

P12 = sy fol@w12), v (),

and the density is zero elsewhere. In particular, for everyt € [1,T] and 6 € O, the random variable Mt)"g defined
in (7) has density h*(- | 2¢) in these coordinates.

Proof. Fix z € Zy and X € (0,1). The affine map Wy (z, -) defined in (8) is a C'-diffeomorphism from the simplex
interior onto Yy (z), with inverse ¢*(- | z) and Jacobian determinant AV ~1.

Since @ = ¢(U;) and U, has density p, the change-of-variables formula gives

ple~'(q))

fQ(Q): vazl q; -

Applying the change-of-variables formula again gives

P12 = sy fo(@w]2),  yeN(),

with density zero elsewhere. Taking z = 2¢ gives the result for Mt)‘ 9, O

Lemma B.6 (Extension at the simplex boundary). Under Assumption B.4, identify the simplex with its first
N — 1 coordinates and define

- - zZo
fo :RV"M—0,00),  folg) = {(J;Q(q)’ Z ; Z]‘Y’
I N-

Then fQ € CHRNY) and both its value and its gradient vanish on 0Zx .

Proof. For q € Z§,, set qv =1 — Zf\!ll g, u = o (q), r = ||ul|s and uy = 0. Writing S = Zi\; e" gives

g =e*/S. If a=maxi<;<nyu; >0, then S < Ne®, a —u; <r and Na — Zfi—ll u; < (N — 1)r. Hence

max l < Ne¢', Nl — 9N~ SN < NN N=-1)r
1<i<N ¢; Y, 4
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Using fo(q) = p(u)/ vazl ¢; and the formula for Hy, = 9,, log fq, these bounds give

[fo(@] + IVafo(@lh < One™p(u) (1 + ||V log p(u)[|1)
< CNCpe_(’B_N)T,
where Cy depends only on N.
As g € Z}, approaches any point of 02y, we have mini<;<ny ¢; — 0. The bound on max;<;<n q; ! therefore

gives

r= e (@l = log —— s 0.
N minj<;<n ¢;

Since 8 > N, the preceding estimate shows that fo(q) — 0 and V,fo(¢) — 0 as ¢ approaches the boundary
from the interior. In particular, fqg is continuous at every boundary point.

It remains to prove differentiability there. Define

N-1 N-1
0ZN = {z € Zn : zx = 0 for some k or Z 2 = 1}, Z3 = {z € (0,00)V 1 Z 2k < 1}.
k=1 k=1

Fix ¢ € 0Zxn and let ¢ € Z3;. The segment from ¢ to ¢ lies in the interior except at §. Applying the one-
dimensional mean value theorem along this segment gives a point {, n its open part such that

fol@) = Jo(@) = Vafa(&) - (a— D).

Since &, lies between g and ¢, ||, — ¢|| < |l¢ — g||. Thus &, — ¢ as ¢ — G, and the boundary limit of the interior
gradient gives V,fo(§,) — 0. By the Cauchy—Schwarz inequality,

fa(q) — fo(a)]

=l = Vafel&ll —0.

For g ¢ Z%;, the numerator is zero by definition. Thus the difference quotient tends to zero from every direction,
proving that V fo(q) = 0.

The gradient is continuous across the boundary: it tends to zero from the interior and is zero outside. Therefore
fo € CLRN=1). Finally, its support is contained in the closed bounded set Zy, so fo € CL(RV1). O

Lemma B.7 (Stein identity on the simplex). Suppose Assumption B.4 holds and let Q = o(U), with U ~ p.

Let k € (0,1), c € Ay, and let h : Ay — R be continuous, Ct on Ay in the coordinates (my,...,mn_1), with
bounded gradient. Then, for every k € [1, N — 1],

E[h((1 = k)c+ kQ)Hr(Q)] = =k E[0xh((1 — K)c + kQ)]. (31)

In particular, E[H(Q)] = 0.

Proof. Define g : Ay — R by g(q) = h((l — n)c—i—nq). Since k > 0, for q € &N every coordinate of (1 — k)c+ kg

is strictly positive, hence (1 —k)c+ kg € Ay, even if ¢ € JAx. Therefore g is continuous on Ay, C! on Ay, and

hg(q) = kLA ((1 = K)e + Kq) (32)

is bounded. Using Lemma B.6, since Hy = 0Oylog fo on Ay, we have Hyfg = Ornfo = 8ka there, and
consequently

Elg(Q)Hy(Q)] = / 9(q) 0 Fala) g, (33)

N

where the integrand is bounded, because g is continuous on the compact set Ay and fQ € CHRN-L).
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o]
Splitting the integral. Throughout, points of Ay are written in the coordinates ¢ = (¢1,...,qn-1), With gy =

1-— Zfi}l ¢i- Fix k and separate the k-th coordinate from the others: write ¢_i = (¢;)ixk,i<n—1, and denote

by (s,q—) the point whose k-th coordinate is s and whose other coordinates are ¢q_j. A point (s,q_) lies in
Ay if and only if
q_r € S_p = {q_;€ 2q; >0 for all i £k, Z% < 1} and 0<s<blgg)=1-— Zqi.
itk i£k

By Fubini’s theorem, which applies because the integrand in (33) is bounded on a bounded set,

Elg(Q)Hy(Q)] = /

S

b(q—1) -
</0 9(8,q-k) O fo(s,q—k) ds)qu. (34)

Integration by parts in one variable. Fix q_p € S_j and write b = b(q—g). The functions s — ¢g(s,q_x) and
s+ fo(s,q—k) are continuous on [0,b] and C* on (0,b), with bounded derivatives. Both endpoints lie on A y:
at s = 0, the k-th coordinate is ¢, = 0, and at s = b, the last coordinate is qy =1 —b— Z#k q¢; = 0. A point of

Ay with a zero coordinate lies on 0A . By Assumption B.4, ]?Q =0 on 0ApN, so J?Q(O7q,k) = fQ(b7q,k) =0.
Integrating by parts on [0, b] therefore gives

b ~ ~ s=b b ~
/ 9(s,4-1) O fo(s,q—k) ds = {Q(S,Q—k)fQ(&tI—k)} B —/ kg(s,q-1) fQ(s, q-x)ds
0 s=0 0

b ~
= 7[) 6kg(5,Q—k) fQ(‘Sv(J—k)dS

Conclusion. Substituting this into (34), recombining the two integrals by Fubini’s theorem, and using fQ = fo
on Ay and (32),

Elg(Q)Hu(Q)] = — /A 99(0) fola) dg = —rE[0h((1 - ke + £Q)].

Since ¢(Q) = h((1 — k)c + kQ), this is (31). Taking h constant gives E[H(Q)] = 0 for every k € [1, N — 1],
hence E[H(Q)] = 0. O

B.2.4 Model-free policy-gradient representation

We now turn to the computation of the policy gradient representation.

Proof of Theorem 3.4. Fix A € (0,1) and write @ = (Q1,...,Qr). Recall that the return Rg‘ and the policy
score S}’)\ C’ff are defined in (5), and the population score Sﬁl’fe is defined in (11). Throughout the proof, Vo Fx (6, 2)
denotes the derivative with respect to the first argument, with z held fixed.

Recall that 28\,0 = 20 and 2% = (1 = N)2% + A, for t € [1,T], where ¢; denotes the first N — 1 coordinates of
Q. Since Df = 0, equation (30) gives
T
VoM (0) =E[VeFn(0,2™)] + (1= X) > (D)) "E[V., Fxn(0,2™)]. (35)

t=1

We identify the two terms separately.

Policy-score term. Fix a prescribed coordinate flow z and write m; = (24,1 — ZkN:_ll z¢(k)). For a trajectory
(Z‘,CL) = (IOa sy T, A0y -, aT—l)’ set

T
R(z,a;m) = re(@e, my, ap) + g(xr, mr).
t

|
—

Il
=
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The integral representation of the prescribed-flow objective is

Fn(9,2) :/ R(z,a;m)uo(dzg) H pt at | 2, mi)va(day) P(dey | mt,mt,at)]
XTHLx AT

With z fixed, the return and transition kernels are independent of 6, only the policy densities depend on 6.
Assumption B.3 justifies differentiation under the integral, giving

T-1

Vo0 = [ Rleam)| Y Vologr(e. [ 2am)|pofaeo)
XT+1x AT 5—0
T—1
x H [pte(at | z¢,my)va(day) Pr(daet | l'tvmtaat):|~
t=0

We now evaluate this partial derivative at z = 2*?

trajectory law of the perturbed process. Hence

VoFN(0,2)]._.0 = E[R)S) | Q).

. Conditionally on @, the product of kernels above is the

Taking expectations yields

E[VoFn(0,2)] = E[R;S]]. (36)
Population-score term. Fix ¢ € [1,T], and condition on Q_¢ = (Qs)sx¢. For fixed Q_¢, define hy : Ay — R
by
hi(m) == FN(G, zé"g,. zi‘ 91, (my,...,mn—_1), zt’\_;_gl, .. z%g)
Deriﬁ/atives oﬁ h; are taken in the coordinates (mi,...,mpy—1), with my = 1 — Ziv;ll my. Thus, for every
ke|l,N—-1],

he((1 = Npf +AQp) = Fn(0,2™7),
Oy b (1 — Nt + AQ:) = 0.,k Fn (0, 20,

The required regularity follows from Assumption B.3 and (28). Since @; is independent of @_;, Lemma B.7,
applied component-wise, gives

E[Fn(0,2)H(Q:) | Q—] = —AE[V., Fn(0,2™) | Q_¢].
Taking expectations,

E[FN(Q,Z/\’O)H(Qt)] = 7>‘]E[vzzFN(07z/\’0)]' (37)

Moreover, since H(Q;) is o(Q)-measurable,

E[RGH(Q0)] = E[E[R] | QIH(Q))] = E[Fy(6,2>") H(Q1)).
Combining this with (37) yields

_¥(D5)TE[R3H(@)] = (1 - N\)(DY)TE[V., Fy (6, 2)].

Summing over t € [1,T] gives

T
E[R)SN] = N (D)) TE[V., Fx (0, 22)]. (38)
t=1
Finally, combining (36) and (38) with (35) gives VyJ*(0) = E[R)(S0] + Saf)]- O
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B.2.5 Bias and mean-square error

Assumption B.8 (Score regularity). The policy scores and the population score satisfy

sup / Vo logpf(a | :vi,m)Hzﬁf(da | z;,m) < oo,
A

t,0,1,m

E[|H(Qu)?] < oo.

Proof. Fix 6. Throughout, C' may change from line to line and depend on the fixed dimensions, horizon, and

regularity bounds, but not on 6, \,n, B, M,n. Write Zy = {u c [0, 1]V -1: Ziv:_ll up < 1}.
For s € [1,T], write
i (W), BN = 1)), Bei= @), B (N - 1)),

and set 2/ = (29)T_, and z = (z,)T_,. Here ¥ = &, Z(Jz\i1 dx¢ is the empirical population law. We use the

Euclidean norm for vectors and stacked coordinate flows. In particular, [|2—2°||? = Z;F:l Zg:_ll M (k) —p (k)|2.
The time-zero population argument remains fixed at pyg.

Conditional mean and its stability. For deterministic ¢ = (¢;)L_; € 2%, D € (]R(N_l)XdG)T, and k € [0,1), set
2" = (20,(1 — K)e1 + kq1, - - -, (1 — K)er + kgr), where g5 consists of the N — 1 coordinates of Q. Define

T
T 25 x (RV-Dxd)T s mds  T%(¢, D) = E[VyFy(6,2%)] + (1 — k) > DIE[V. Fn(0,2")].

s=1
For s € [1,T], let &5 = (cs,1 — kN:zl cs(k)) and set
mg = po, my = (1 — Kk)¢s + KQs.
Define
X§~po, of ~ml( | XEmE), Xy~ P | XEmaf), s €[0,T 1],

Its return and policy score are

T-1 T-1
R =Y ro(X5,m5,af) + g(X§,mf), s =Y Vologpl(al | X5, mf),
s=0 s=0

where each policy derivative holds the action, state and population argument fixed.

For k > 0, the policy-score identity (36) and the Stein identity (37) give
E[R" gol] =E[V¢Fn(0,2")], E[R*H(Qs)] = —kE[V. Fn(0,2"7)].

Multiplying the second identity by —1*T“D;r and summing over s shows that

]E{R”( L ! — a XT:DZH(QS)H =T"(c, D).

s=1

Consequently, I'*(¢, D) is the expectation of the score estimator using population coordinates ¢ and sensitivity
matrices D.

Since I'*(c, D) — (¢, D%) = (1 — k) 3 (Ds — D?)TE[V . Fn(0,2")], the derivative bounds (28) imply
T

|T%(c, D) =T*(¢, DY) < C > ||Ds = DYl

s=1
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Moreover, the time-zero block of 2z — (zg, 29) vanishes and, for s > 1,

20— 20 = (1= k)(es — 22) + Klgs — 20).

Since ¢s,2¢ € Zy have Euclidean norm at most one, ||gs — 2¢|| < 2, and the triangle inequality gives
12" = (20, 2°)| < le = 2°|| + 2xVT.
Write 20 = (z9,2%). Using T'°(2%, D?) = V4.J(6), we obtain
I%(c,D%) — Vo J(0) = E[VoFn(0,2") — VoFn (0, 2)]
T T
(1—k)> (DN)E[V.,Fn(0,2") = V., Fn(0,2")] = > (D)TV. Fn(0,2°).
s=1 s=1

The first two terms are controlled by the Lipschitz continuity in z of the derivatives of Fl, while the last term
is bounded by Ck. Indeed, (28) and (27) give

IT*(e, D) = Vg J(0)|| < CE[|]z* — 2°|[] + Cr
<C(fle— 2| + k)

Combining these estimates yields

T
IT%(c. D) — VoI (6)]| < C(Fa—k le— )+ 3 |D. - DgHF). (39)

s=1

Population-flow error. Let FfP = U(Xf :s € ]0,t],¢ € [1, M]]) where o refers to the generated sigma-algebra.
The particles use independent simulation randomness at each time and rollout step. Conditionally on FF°P,
the variables (X{,,);ep1,n] are therefore independent, with laws K7 (- | X/, i}"). Therefore, E[fif{, | Ff°"] =
O (aM, aM), with ®¢ from (22).

For each j € [1, N], writing py; == K¢ ({z;} | X7, M),

M

~M . 1

M%l( ) — @7 (" 1) () = M E (1{Xf+1:wj} _péj)-
=1

Conditionally on FF°P, the summands are independent and centered, with variances pej(1 — pej). Since the
squared Euclidean norm is the sum of the squared coordinates,

N M
[HMtJrl (ﬁi{\/juﬁi\/])HQ | ]:tPOp = M2 Zzpfj p@] M2 ZZP@J = 77
J=1 =1 =1 j=1

where we used 1 —py; <1 and Z;V:M?éj =1.
For m,m’ € Ay, insert the intermediate law ®¢(m,m’) to obtain

drvy (f (m,m), ®f (m',m")) < dTV((I)O(m m), ®7 (m,m")) + dpy (®f (m,m’), &7 (m’,m’))
< Z (i)drv (K7 (- | 2i,m), K (- | 23, m)) + dpy(m,m’)

(1 —+ LK)dT\/(m m )

The first term uses the Lipschitz bound of Assumption B.1 on the kernel rows. For the second term, the
population argument is fixed at m’, so the total-variation contraction (24) applies.

Since pf, 1 = ®f (1], uf), write
~ 0 ~ 0/ ~M -~ 0 0,0 0
#ﬁl—ﬂt+1zﬂﬁ1—‘bt(ﬂyvﬂt )""I) (Ht mut ) ‘bt(.u“tv,ut)'
i1 Ct
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Since E[&;41 | F£°P] = 0 and ¢; is F}°P-measurable,
E[(&41,G)] = E[(E[&41 | FPPL ()] =0.
Moreover, the preceding total-variation estimate gives
IGell < NCelle = 2dv (@7 (7", "), @F (1, 1))
< 2(1+ Li)drv (i, nf) = (L+ L)l — uflh
< VN + L)t = w

where the first and second equalities use the total variation definition of Levin and Peres (2026) and the last
inequality follows from Cauchy-Schwarz. Consequently,

E[Hﬂ%l - M?HHQ] = E[||§t+1\|2] + E[HQHQ]

1 ~
< o7 TN+ L) ElE - pf)1%).

The initial particles are i.i.d. with law 10, so the same variance calculation gives E[||23! —pol|?] < 1/M. Induction
over the finite horizon gives

=

max B[[|fi;" - p[|*] <

Since Z, and 2 contain the first N — 1 coordinates of these probability vectors,

T

~ ~ C
B[z - 27 < SE[IAY - ) < o7 (40)
s=1

Sensitivity error. Let B collect the random inputs used to simulate auxiliary batch ¢. These inputs are inde-
pendent across batches and independent of the population particle system. Set Ff, := F2P v o (B, ..., Bi_1).
Conditionally on F£f, simulate n independent rollouts of length ¢. For rollout € [1,n], draw independent

randomizers @it’r), s € [1,t — 1], with the same law as @, and set

—_(t,r —(t,r n AT
my =po, WD = (1 -g)EM + 0@y, se Lt 1.

Define

(t,r)

Xy o, @0 Al XD m), X~ P X

;men) @ty sefo,t—1].

Thus Yim) is the terminal state of rollout 7 in auxiliary batch t. Set Dy = 0. For ¢ € [1,T], define D; €
RW=1xdo recursively by its rows of size dy:

n t—1 t—1 T

N 1 . —(t,r . 1-— ~ —(t.r

(Do) = EE :1{§<m:m,€} {ZW log p? (@™ | Xit’ >7mgt,7)) _ T”E DZH(Qitv >)] , ke[1,N —1].
r=1 s=0 s=1

The policy derivatives hold the action, state, and population argument fixed. We write D= (lA)t)tT:l.

For k € [1,N — 1], define F; (6, z2) = v{(2)(k) for 2 € ZL T, where v{(2) is the prescribed-flow state law
from (25). This is the objective with horizon ¢, zero running reward, and terminal reward x — 1—;, . It
depends only on zq,...,z_1 and F;(0,2%) = pf(k) for 2% = (20, 2%). The same finite recursion used for Fy
gives bounded first derivatives of F; j; that are Lipschitz in z, uniformly in 6.

Conditionally on FPf, ) the population coordinates and earlier sensitivity estimates are fixed. Applying the
conditional-mean identity and (39) to F}j, and combining the N — 1 rows, gives

t—1
151 72m) - 2] < ¢+ 12 - 1+ X 1D, - D2l ) (a1)
s=1
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For the conditional fluctuation, let Y; , be the matrix contributed by rollout r in the definition of ﬁh so that

ﬁt =n1 Z:}:l Y, ». Write the policy scores as @it’r), as defined in (65). Since at most one row of Y; 1 is nonzero,
) 1-7 @, ||
> > orm@!)
n s=1
—(t,1) 2(1 - = A (1,1) 2
2 Z v, ZDS H@,")
s=0
= (t,1) —(t,1)
<2ty WP+ 2E@QN)P.
s=0

The second inequality uses ||a—b[|? < 2||a||? +2||b]|?>. The last uses || Zle v;||? < LZ§:1 |v;]]? for sums of ¢ and
t — 1 terms, respectively, together with |[DTh|| < ||D|¢||/h| and (1 —n)? < 1. Taking conditional expectations
gives

IYeallE <

+

t—

s=1

t—1 t—1
—(t, 2(t—1 ~ —(t,
E[ Fom] <SR[ F) 4 2 - ) | RE[1E @) 1)
s=0 s=1

c -1
<S(1+X1Da2).
n s=1
The last inequality follows from Assumption B.8 and 0 < 7 < 1: the policy-score bound is uniform, the earlier
D are fixed under the conditioning, and the new randomizers are independent of F°f,. Since the Y, are
conditionally i.i.d.,

]E[Hf?t ~E[D, | ] llilfff%} - E[Hm ~E[Y,, | ffﬂ]!li\fffﬂ]

IA
Sl— 3=

E[|Yeallf | 7o)

C t—1 R
(1 X 1D.12). (42)
s=1

IN

Set e; == E[Hﬁt — DY||%], with eq = 0. Write D, — DY = A, + By, with the fluctuation 4; = Dy — E[D, | Fo1)]
and the conditional error B, := E[D, | F2f,] — DY. Since By is F2,-measurable and E[A, | F°T,] = 0, the cross
term vanishes and e; = E[||A,[|3] + E[||B||Z]. By [la+ b[|> < 2|a||? + 2/|b]|* and (27),

E[IDs 2] < 2es + 2l D If < 2¢, + C.

Squaring (41), taking expectations with (40), and taking expectations in (42), we obtain

1 1
et<c<77 +M+ >+C<1+77)Zes

Since nn? > 1, induction yields

1
< -y E[|D 4
t?ﬁ%ﬂe“c( +M+ nn? ) re[LT] [IDdls] < 43)

Bias and mean-square error of the online estimator. The online stage uses new simulation randomness. Define
Gg "M.n DY equation (12) and set for simplicity G = G% . Conditional on (2, D), its B contributions are i.i.d.,

and G = E[G | z,D] = I'(2,D). Squaring (39) with x = A, taking expectations, and applying (40) and (43)
gives

_ 11
_ 2] < 2 2, - =)
E[|[G - VoJ(0)[?] < C(A 0t M)
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Since E[G] = E[G], Jensen’s inequality and va + b < v/a + v/b imply
~ 1 1
|E[G] — VeJ (8)| < C(A +n+—=+ )

wn o VM
Finally, write Y, == R® (Sp[;)1 + gr(ff)), so that G = + Zle Y;. The returns are bounded by TR + g (Assump-

tion B.1). The same sum-of-squares and matrix bounds as above, together with Assumption B.8, give
1 o~
E[I85I” 12,D] < C,

T T
E[ISY)?12,D] < Z|Dt|\FE I (QEM))12] < A2 || Dyf3.

t=1

~

Since the online randomizers are independent of (Z, D) and the Y, are conditionally i.i.d.,

o~ 1 o~ o~
E[IG - G|?|z, D] = E[I%i - E: | 2, D]| | 2 D]

IN

1 N
ZE[Ivi[?] 2, D]
T
C B -~
(1 1nz)
t=1

Taking expectations and using (43) bounds this term by C(1 4+ A~2)/B. Since G — G has conditional mean zero

IN

and G is o(Z, D)-measurable, the cross term vanishes and

E[IIG — VoJ (0)I"] = E[IIG - CII*] + E[|IG — Vo (0)]°]
14+ A2 1 1
< Tyt — = .
_C()\+ 5t +n772+M>
This proves the theorem. O

B.3 Continuous-state space

This appendix gives the mixture construction, assumptions, and proofs for Section 3.2.

B.3.1 Encoder, decoder, and numerical fitting

Fix K. Let Kx C Zk be a fixed non-empty compact fitting set. In practice, Kx imposes lower and upper
bounds on the weights and covariance eigenvalues, bounds the means, and keeps the projected means separated
so that component labels remain ordered. The decoder

Dk : Zxk — P2(R?),  Di(p,m,x) ij (mj,%
is continuous in W, and satisfies

My(Dk (p,m, X)) = ij(Hij2 + tr%;).

j=1

Thus the compact fitting constraints give the uniform moment bound required by the perturbation estimates.
No inverse identity Dg o Ex = Id is needed.

Assumption B.9 (Encoder regularity). The encoder £ : P2(R?) — Zg is Borel measurable and satisfies
Zﬁﬂt = Ex (1) € Ki. The paths 6 — zﬁ){’t are continuous for objective consistency, C* on an open neighborhood

of © for the policy-gradient representation, and C> with bounded derivatives when the centered-difference bias is
estimated.
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Practical encoder and numerical fit. Let f, denote the density of Dk (z). A standard choice is the
constrained likelihood encoder

Ex(p) € argI]?aX i (p, 2), i (p,2) = /d log f.(x) u(dz),
zeKk K R

with a fixed measurable tie-breaking rule. Replacing p by an empirical law gives the constrained EM problem
described by Dempster et al. (1977). The compact constraints make this fitting problem well posed; the continuity
and differentiability required by Assumption B.9 are imposed on the resulting fitted path.

For the numerical algorithm, let §K7 L : P2(RY) — Kx denote the fixed constrained EM implementation with
L particles, including its initialization, stopping rule, and label ordering. We summarize its statistical and
optimization error by the following assumption.

Assumption B.10 (Accuracy of fitted coordinates). The numerical fitting maps are measurable. For the inter-
acting particle laws ﬁf’L used in the offline stage, the computed coordinates 'z\?(Lt = EKyL(ﬁf’L) satisfy

~8,L 0 12 2
Sgg?le%}‘{]E[HZK’t — zK)tH ] <aj, ar, — 0.

The error ay, includes both particle and optimization error. The same bound is required at the shifted parameters
6 + ne,. Under the C? part of Assumption B.9, for the centered differences in (67), fix a coordinate direction ey
and define the exact and fitted endpoint errors

¢ . _Oxmey ~ . ~0+tney L ot V4
2+ T ARt 2t T ARt €+ = 2+ — Zt
The column of the estimator in direction ey is
=0 =0
A e
Diey = ———
2n
Therefore,
¢ ¢ Y V
~ zi L —Z €L —€
0 t,+ t,— 0 t,+ t,—
Diey — Opzgey = ————"— — Opepe s + ———. (44)
) 277 ) 27’
central-difference error fitting error
The C? assumption gives, uniformly in ¢,
Zf+ - f
, = 0 2
277 - anK,t S CKn )

while Assumption B.10 gives
E[lle +I* + llef ~ %] < 247,

Using (u + v)? < 2u? 4 202 in (44), and summing over the dy columns, yields

2
~ a n
E[|D; — Vo2l ||%] < Cx (n* + 22 ), =_—. 45
1~ Vaeolid) < O (w425 ). o= 5 (45
Hence consistency requires
n—20 and Ino 4.
n

Finally, the mixture approximation error is measured by ex in (15). Its convergence as K grows is a separate
approximation question and is not needed for the fixed-K results.
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B.3.2 Mixture coordinates and transport map

The fitted coordinate space is Zx = A% x M§ x (Sle_)K, and randomized coordinates belong to Zr = AGe %
(RHK x (S%,)%. A point (p,m,X) represents the mixture > piN(my, %5), with ¥; a covariance matrix. The
randomizer is Ry = (Q¢, Ay, By) and the perturbation is ¥y from (13).

Let ¢; be the density of N'(m;, ;) and set

pidi()

ri(T) = =
k=1 PR ()

Given a € A%, we define the map

i
[0,1] 5w Fy(u) := min {i € [1,K] :u < Zak}.
k=1
We also define the mapping
Rd X [07 1] > (gj"’u,) = L(.Z‘,U) = Fr(w)(u)a
RY x [0,1] 3 (z,0) > v(z,u) = %

Rd X [07 1] > (JU,’U,) = ](wazau) = L(x7u)1v(x,u)§l—)\ + FQt(w)(W)l

v(z,u)>1-X
We now define the transport map Tﬁ’)? over 2 x R? x [0,1] as
2,0 2,0 2,0 0 -1 0
TK,t(Wv T,u) = mj(w7x7u),K,t(w) + FJ(W o), K, f( )(Fi(;c,u),K,t) (z — mi(w,u),K,t)' (46)
Proof of Proposition 3.6. All maps in the definition of T;;”(Z in (46) are jointly measurable by construction. First,
at A = 0, by construction it is clear that Tlogi(w, x,u) = .

Fix w € Q and let X ~ Vfw and U ~ U([0,1]) be independent . Set I = «(X,U) and V = v(X,U). Let
f:[1,K] x R? x [0,1] = R be a bounded measurable test map. We hence have that

/Rd/ flz,u),z,v(z, u))duuKt (dx) Z/Rd /jk(x) u—rilz ;( ))dul/%’t(dm),

k—1(x)

_Z/Rd /(x “‘TZ’E ;( w51 @y 8 (da),

k 1(I

where we denoted si(z) := Zle ri(z), so(x):= 0. Now, using the C! diffeomorphism: [si_1(z), sk(z)] > u

vi= %(;1)(%) € [0,1]. for fixed x € R? such that it follows that du = ry(x)dv, we can write

Z/Rd/s& N rk( )( ))duVKt dz) Z/Rd/ F(k, z,0)r(z)dvv o (dz),

Hence, by identification of the law it follows

K
L(I,X,V)(dk,dz,dv) Zrk 2)vie 1 (dz)8;(dk)do =Y~ pro(a)di(dk)dzdy (47)
i=1
It follows directly from (47) that P; = Zk:l PO that the conditional law of X |I = k for any k € [1, K] is given
by L(X|I = k)(dz) = ¢p(x)dz = N (ms,Zy)(dz) and that V' ~ U([0,1]) while being independent of (I, X).
Hence, it follows that for fixed w € Q the law of the target index J := 7 (w, X, U) satisfies

P(J e j|I e Z) = (1 - )\)ljzi + /\qjvt(w).

Conditionally on I = ¢ and J = j, the vector (Fz Ki)~ HX — mz k) 18 standard Gaussian. Consequently, the

transported vector has law N (m] Kt( ), Ej-, f})t( )) under this conditioning. Summing over i gives the weight
(1 —X)p; + Agj.+(w), proving the claim. O
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B.3.3 Perturbation estimate

Assumption B.11 (Moment bounds). There exists a uniform constant Cx < oo in (t,0,7) € T x © x [1, K]
such that the following holds

I8 s al12 + 128 113 < Cx,
E| maz <||Ajt||2+||B]tHF>} < Cr.

Proof of Proposition 3.7. Fix t,0 and suppress these indices. We use a coupling of the same source and target
mixtures; it need not be the symmetric-square-root transport used in Proposition 3.6. Independently of R;, draw
I with weights p, a standard Gaussian vector Z, and V ~ U([0,1]). f V < 1 — A, set J = I; otherwise draw J
with weights (¢, using additional independent randomness. Put

X=m+3V?2, Y=m)+3SY3((1 = NI+ ABs)Z

Conditionally on Ry, this couples I/Kf with M;}Z Indeed, J has weights (1 — A\)p + AQ:, and its conditional
component covariance is precisely the one in (13)

On {V <1-2A},
Y — X = MAr —mp) + A5 (Br, — 1) Z.

The moment bounds and ||E}/2(BM —I)|% < |IZ1llopllBrt — Ia|| give a conditional mean squared displacement
bounded by CA2. Here and below C depends only on the stated moment bounds and the fixed dimension. On
{V > 1 — A}, those same bounds, using the maximum over components for Ay, By, give E[|| X||> + [|[Y|? | V >
1— )] <C. Hence

EW3 (M5, Vi )] <E[Y = X% < C((1 = M)A? +4) < CA.

The Wasserstein triangle inequality followed by Minkowski’s inequality yields

2 2
EWZOG0, 1N < Wo (Wl 4, 1) + BV, v ),

which proves the claim. When K = 1, the component-switching construction is unnecessary, and the same

coupling gives the bound (E[W3 (Mf‘te, VY t)])l/Q < CAM O

B.3.4 Objective perturbation consistency

Assumption B.12 (Objective regularity). We make the following assumptions

(1) The randomizers (Ry)ie7 are independent across time and independent of the simulation randomness

(2) The initial law satisfies jig € P2(R?). Furthermore, for anyt € T,0 € ©, and n,m € P2(R?), the measure
®Y(n,m) belongs to Py(R?).

(8) There exists a positive constant L such that

W2 (q)?(nvm)v(pg(nlam/)) <
—0 —0

’Rt (n,m) — Ry (n’,m’)\ <
’y(Thm) _5(77/77”/)’ <

uniformly in 60,t,n,7,m,m’.

Note that the construction in Appendix A.1 ensures (1).
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Proof of Theorem 3.8. Fix 6 € O, let n;‘gi = E(XtK’)‘ﬁ), and set e; := Wg(n;‘{’im?(’i). Independence of the
current randomizer and state gives

20 0/ ANO 2sA0
né(,et+1 = E[‘I)tO(ZK,ta Mgl
Mg 1 = (I)te(nK’,ta Vi)

The squared Wasserstein distance is convex under mixtures. To verify this, let ~, be an optimal coupling
between @Y (n;‘(’(’t,Mﬁ’z(w)) and n?(’et 41 for a given realization w. Taking the expectation E[y,] yields a valid

coupling between the expected measure n;‘get 41 and the deterministic measure ng(’gt 4+1- Because the Wasserstein
distance is the infimum over all valid couplings, it is bounded by the cost of this averaged coupling:

W22 (n?éi+1v W(I)%,et+1) <E {W% (®f("7?£> M;}’ﬁ), q’f(n?éiv V?(,t)):| :
Using the Lipschitz continuity of ®¢ (Assumption B.12), this implies:
ey < LQE{(et + W2(MI>€,Z7 V?(,t))2:|‘
Taking the square root and applying Minkowski’s inequality with p = 2 separates the terms:
€1 < L(et + B V)Y 2).

Setting § = Cx V), the perturbation estimate from Proposition 3.7 gives e; 1 < L(e;+6). Since eg = 0, a direct

—0
induction yields e; < ¢ 23:1 L? for any t > 1 . Finally, applying the Lipschitz bounds on the rewards R, and
terminal cost g from Assumption B.12, and summing over time, yields:

T T
[T (0) — Jx(0) < LY (et +E[Wa (M, Vﬁw)}) < LY (er+6) < CrrVA,
t=0 t=0

uniformly in 6, for some constant C'x 7 > 0 depending only on L,T, and Ck. O

Projection error and maximizers. To prove (15), set a; := Wa(L£(X/<%%), uf) and 6, == Wa (Ve 1 1f). The
original and projected dynamics give

i1 < L(at + 5t)7 ag = 0.

Since §; < ek, induction yields a; < ek Zizl L?. Applying the reward bounds gives

T T ¢
i (0) ~ JO) < LY (0, +8) < Cp¥ieie, CF =LY (1 " ZLS> .
t=0 t=0 s=1
The second bound in (15) follows by the triangle inequality and Theorem 3.8.

Proof of Proposition 3.9. For any 6 € ©, we have
J(0) = T (O n) = J(0) = T (0) + T (0) = T (O x) + T (05c.0) — T (05 )
< 2 sup |J(0) — Jx(0)],
0cO

where we used that J(0) < J}‘((G’I})\). Hence, by taking the supremum over § € O, in the left hand-side, it
follows that

0 <sup J(0) — J(0k.,) < 2(CP%x + CrrVA).
0co
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B.3.5 Objective gradient convergence
Fix K. For a prescribed coordinate flow z = (z1,...,27) € ZV};, set mg = po and my = Dg (z;) for t > 1. Define
v 1 ©° x ZE — Py (RY) recursively by

v(2) = mo, 4 (2) = DY (0] (2), my).

The objective for this prescribed population flow is Fx : ©° X ZN}Q — R, defined by

Fre(6.2) = 3" B (o (), me) + g(0le(2), mr).
t=0

T

Write 2% = (z?(,t)tT:h 730 = (‘I'/\(Z%,t’Rt))t:P

and D? = Vy2Y. Conditioning on the randomizers gives
Ji(0) = Fx(6,2°),  Jg(0) =E[Fk (8, 2*)].

Throughout, V¢ Fk denotes differentiation with the prescribed flow held fixed.

Assumption B.13 (Continuous-state gradient regularity). Assume that:

(1) Regularity of the fitted flow. The parameter set © is compact, and 0 — 2% = (Ex(uf))L_, extends to a C*
map on an open neighborhood ©° of ©, with values in ZL. The initial law g is independent of .

2) Regularity of the prescribed-flow objective. The map Fx is C' on the open set ©° x ZT c Réo+Tax | There
K
exist L < 0o and v > 0 such that, uniformly in 6 € ©° and 2,2’ € ZL,

IVFg (6, 2)]] < L(1 +[2]))",
IVFK(0,2) = VF(0,2)| < L1+ |2l + [|Z'[D)"[|2 = 2”]-

Here VFk contains the derivatives with respect to both 6 and z.

(3) Randomizer moments. Assume Assumption B.11 and condition (1) of Assumption B.12. The randomizers
have a common law p, independent of 8 and \. For some Ao € (0,1), this law satisfies condition (1) of
Assumption B.14 for every 0 < A < X\g. Moreover, for each t € [1,T],

r41 2(T+1)
B[ max (|45l + 1Bl < oc.

Condition (2) is an additional regularity assumption on the prescribed-flow objective; it does not follow from
the Wasserstein Lipschitz bounds of Assumption B.12. It requires polynomial control at infinity and uniform
control as weights or covariance eigenvalues approach zero. The case r = 0 is the bounded, Lipschitz derivative
assumption used in the discrete proof.

Proof of Theorem 3.10. By compactness and the C* regularity of the fitted flow, its coordinates and first deriva-
tives are uniformly bounded. Moreover, because its covariance matrices are positive definite, there exists cx > 0
such that 227 k.t = Cilq uniformly in 6,¢, j. These bounds also hold on a sufficiently small neighborhood of ©.

Set
K
Wi=143 > (14l + 1BjelF)-
t=1 j=1
The moment assumption gives E[WT“] < 0o0. We first establish
220 — 22| + | Vo2 — DP|| < CAW. (48)

For the weights and means, this follows directly from their affine perturbations. For the covariance block (j,?),
recall F?Jﬂt = (E?)K)t)l/Q and set

V) = 2M( By — Ig) + XN(Bjs — Iq)*.
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By (13) and E?-,K,t = F?,K,tjdrg,K,w

Ses = s = T (1= NIa+ ABj.)” = 1) T i,
r] w (2ABj = La) + N2(Bju — 1a)* )T
g K, tV F; Kt
Since A2 < X and [|(Bj+ — Ia)?*||r < ||Bj.t — Lall3,
IVRle < O+ 1Bjalf)-
For each parameter coordinate 6, differentiating (FJ K, )= 237 Kt gives
F?,K,taazF?,K,t + (692F§,K,t)F§,K,t = Oy, Z?,K,t'

The covariance lower bound implies

106,15 x4l < 2r||895 P

Consequently, both I‘g k¢ and its first derivatives are uniformly bounded. Since Bj;, and hence V] ,, does not
depend on 0, the product rule gives

20
aeézj,K,t — Og, Z?Kt = (692 7, Kt)Vk F] Kt T F; K,tVj, t(aﬂe 7 Kt)
so that, using [[ XY X'|[p < [ X][|p[[Y ][ X'[F,
A0
190,555+ = 00,55 i lle < 20106,T5 g (10175, el V7 -

Together with HZ;‘}Q” Kt||p < ||F kIBIV]lr and the bound on V)

¢, this ylelds

7)-

12570 = £ realle + Vo5 — Vo el < CAL+ |1 Bj,

Summing over the finitely many blocks proves (48).

In particular,
1Z¥) + Ve 2| < CW.
By the chain rule and the growth assumption in Assumption B.13(2), using W > 1,
Vo [Exc(8. 22| = [[VoFx (6. 227) + (Vo 2™) TV Fie(6.2°)|
<1+ (V2N L1+ |2M))" < L1+ CW) ™+ < oW,

which is integrable. This bound is uniform in 6 in a neighborhood of ©. By the mean value theorem, the
difference quotients of 6 — Fg (0, Z»?) are therefore also dominated by CW"+!. Dominated convergence then
justifies differentiation under the expectation, giving

Vo x(0) = E[VoFi (0, 22) + (Vo 2™ V. Fic (0, 22)],
VoJk(0) = VoFr(0,2°) + (D) "V, Fr (6, 27).

Subtracting and adding (D?) "E[V.Fk (6, ZY)] gives

Voldp —VeoJx =E[VoFx(0,2"%) — VoFr(0,2°)] + (D) "E[V.Fk (0, Z2*°) — V. Fx(0,2%)]
+E[(Voz"? — D) TV, .Fi (0, 2™7)].

Using (48), the derivative bounds, and the uniform bound on D?, each term is bounded by CAE [WT‘H]. The
estimate is uniform in 6, proving the result. O
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B.3.6 Density and score for the randomized perturbation

Assumption B.14 (Assumptions on p the law of the randomizer (Ry)iepi,rp). Let By := {B € Sq : B »
—%Id}. We make the following assumptions.

(1) p(A% x (RHE x (BA)K) =1.

(2) p admits a density f(o a,5) with respect the Lebesque measure over Ay x (R x (By\)X. Moreover, we
assume the following factorization

f@.a.m)(a.a,b) = fo(a)fala)fr(b),

for some maps fo, fa, fp implying that (Q:, A¢, B) are mutually independent.
(8) For K > 2, Qi = ¢(U;), where the density of Uy satisfies Assumption B.4 with N = K. For K =1, set

Qi =1
Lemma B.15 (Jacobian determinant). Fiz ¥ € S, and A € (0,1). Define F : By — S by

F(B) == SY%((1= N1, +AB)’SY2,  BeB,.
For B € By, set C == (1 —X)Iq+ AB. The differential of F at B is the linear map
DF(B):8% 8%, H— ASY2(CH + HC)ZY2,
Its determinant, computed in the same independent-entry coordinates on the domain and codomain, is
det DF(B) = A4H1/2 (et 32)(d+1)/2 ﬁ(?ci) IT (ci+ep).
i=1 1<i<j<d

where c1,...,¢cq > 0 are the eigenvalues of C.

Proof. Set S := X1/2. For symmetric H small enough that B + H € By, expansion gives
F(B+ H)— F(B)=\S(CH + HC)S + \>SH?S.

The last term is O(||H||%), which proves the formula for DF(B). Define the linear maps L¢,C : S¢ — S by
Lo(H)=CH+ HC and C(H) .= SHS. Then

DF(B)(H) = \C(Lc(H)),  det DF(B) = AX4T1/2det C det Le,
since dimS? = d(d + 1)/2. Let (uy,...,uq) be an orthonormal eigenbasis of C, with Cu; = c;u;, and set

E;; = mu;r The matrices E;; and E;; + E;;, for i < j, form a basis of S¢. Since CE;; = ¢;E;; and

EWC = CJ'E’Z"]‘7
Lo(E;;) =2¢E;;, Lo(Eij+ Ej;) = (ci+c¢)(Ei; + Ej;).

Thus L is diagonal in this basis, and, since the determinant of a linear map does not depend on the basis,

d
det Lo =[]@e) [ (ci+¢y).
i=1 1<i<j<d
For C, let ai,...,aq > 0 be the eigenvalues of S, and define E; ; as above from an orthonormal eigenbasis of S.

Since SE; ;S = a;a;E; ;,
C(Ei;) =d?Eii,  C(Ei;+ E;;) = aja;(Eij + Ej,).

)

Hence
d d
detC = l—Ial2 H a;a; = H adt = (det §)?*t = (det £)(@+D)/2,
i=1  1<i<j<d i=1

since each index appears twice in the first product and d—1 times in the second. Substituting the two determinants
into the composition formula proves the result. O
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Lemma B.16 (Explicit perturbation density). Under the conditions of Lemma 3.11, fit z = (p,m,X) € Zx
and X € (0,1). The inverse coordinates are given by (16). For b € (B\)X, let ¢;1,...,cj.q denote the eigenvalues

of (1 = X)Iq+ Ab;. Define the Jacobian map J* : Zr x (B)E — (0,00) by

K d
jA(Z, b) =\ H |:(d€t Zj)(d+1)/2 H(QCJ‘,Z‘) H (Cjﬂ' + Cj7g):| . (49)

j=1 i=1 1<i<t<d

Then, fory € Yi(z),

Jo(d (| 2))fala*(y | 2)) fe(b*(y | 2))
Tz, My | 2)) ’

and the density is zero elsewhere. For K = 1, the factor fo and the free weight coordinates are omitted. In

Wy |z) = (50)

particular, Z;‘(’Z has density h (- | z?{’t).
Proof. For the fixed z = (p, m, %), consider the map ¥y (z,-) from (13):

(2 (a,0,8) = (1= Np+ Mg, (1= Nm o+ Aa, (S5/2((0 = N+ 20;)°5)%) ).

J

For by € By, the matrix (1 — \)I; + Aby, is positive definite. The square map is a smooth diffeomorphism of
Si | onto itself, with inverse given by the positive definite square root. Thus the displayed map is a smooth

diffeomorphism from A% x (R)E x (By)X onto Y x (R4)K x (S4,)%, with the inverse given by (16).

For each j, let F; be the covariance map F' of Lemma B.15 with ¥ = ¥;. Each output block depends only on
its corresponding input block. Hence, in the free weight, mean, and independent covariance coordinates, the
Jacobian matrix is block diagonal:

D(g.a)A(2, (q,a,b)) = diag (M k-1, N ga, DF1(b1), ..., DFk(bx)).

Its determinant is therefore the product of the block determinants. By Lemma B.15,

K
det D(ga¥a(2, (¢,a,0)) = N TAKT T det DF;(b;)

j=1
K d

_ A(K71)+Kd+Kd(d+1)/2 H [(det Ej)(dJrl)/Q H(2Cj,i) H (Cj,z' + ij)]
j=1 i=1 1<i<e<d

= jk(z, b) > 0,

since gx = (K — 1)+ Kd + Kd(d + 1)/2. For K = 1, the weight block is omitted. The change-of-variables
formula, together with f(g a,8) = fofafB, now gives (50). O

B.3.7 Policy-gradient representation

Assumption B.17 (Likelihood-ratio representation).

(1) For everyt € [0,T — 1] and for every (z, p,a) € R? x Po(RY) x A, and every admissible z € Zy, the maps
0 — pl(a|x,p) and 0 — W (y | z%7t+1) are of class C*(©°), where © C ©°, is an open set and strictly
positive. This requires the map 6 — zf(_’t € Zx to be CY(©°). Moreover, they satisfy sufficient regularity
conditions to justify differentiation under the integral sign and the corresponding score-function identities,

namely existence of an integrable function Gy such that the relevant derivatives are uniformly dominated by
Gy.

(2) Moreover, we assume that

T-1 T

gug E{Z”V9 log p?(XtaDK(QtaMtyzt)7At)||2 + ZHVQ log hA(QtaMhEt | Z?{,,:)HQ <0
€ =0 t=1
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(8) Denote by S the trajectory random variable

 (XEA (EN K0 KXN0 v K N0 A0 2,0
S = (XO , O , X Lapy X ZK17...,ZK’T),

and define its law by PM := L£(S). We assume that R(S) € L?(Q, F, P9,

Proof of Theorem 3.12. Fix A € (0,1). Write a trajectory as s = (xg, ag, Z1,...,07-1,ZT,21,...,27). Fort € T,
define the population-argument map my : Z% — Pa (R?) by

mo(z1,...,21) = Lo, me(z1,...,27) = Dr(2), te€[1,T]

We abbreviate these arguments as m,. In particular, the initial population argument is kept exact and is not
projected onto the Gaussian-mixture family.

Recalling the policy reference measure v introduced in Section 2, define

T T-1
v(ds) := po(dao) Hdzt H [va(day) Pr(dxiyy | 26, me, a)]

t=1 t=0

By independence of the randomizers, the trajectory law is
PM(ds) := £(S)(ds) = %(s)v(ds),

where (29 (s) = HtT;Ol pf(as | ¢, my) Hthl R (2 | zf(,t). Here the return uses the same population arguments,

T—1
E re(xe, my, ap) + g(xr, mr),
t=0

and is independent of # when s is held ﬁxed The reference measure v is also independent of . Hence, we have
= [R(s)PM?(ds) = [ R(s)f*?(s)v(ds). Now, under the Assumptions B.14, B.17, we get with dominated
convergence theorem that

VoJp(0) = / R(s)Vel™ (s)v(ds),

and we end using the (17) term and Vg log h*(z; | Z?(,t) = (DY) T sz, z%7t). The probabilistic representation
follows by definition of the quantities. O

B.3.8 Sensitivity estimation and statistical bounds

Assumption B.18 (Statistical regularity). Assume Assumptions B.11, B.12, and B.13. Write 2% = (zf(’t)thl €
RT% gnd DY = V2% € RT9x%d0  Assume additionally:

(1) Regular fitted coordinates. There exists a compact set Ci C ZNK containing all exact and fitted coordinates
used below. The fitted coordinates use the same component ordering as the exact coordinates. The map
0 — 2% is C3, with uniformly bounded third derivatives on an admissible neighborhood containing all shifted
parameters 6 + ney.

(2) Fitting accuracy. Let 27V = (311\([?) I | € CL denote the coordinates fitted from a system of N interacting

particles under parameter u. For a deterministic sequence ay — 0,
supE[[|2V" — 2%|]?] < Ca},.
u
The supremum is over all parameters at which a fit is computed, namely the base parameter uw = 0 (fitted

with N = M particles) and the shifted parameters u = 0 £ ne,, £ € [1,dg] (fitted with N = ng particles in
the centered differences (67)), for 8 € © and 0 < n < np.
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(3) Score identities and moments. The likelihood-ratio identities hold for every prescribed coordinate flow ¢ € Ck,
both for differentiation in 6 with c fized and for differentiation in c, with no additional boundary term. For

one rollout using population arguments mg = pg and my = Dg(Ua(ct, Ry)), denote its return and policy
score by R (c) and S ,(c). Uniformly in 6, ¢ and 0 < X < A,

pol
E“,R’A( )‘ ||Spol( )H2:| S C

and

V‘Q

B[R @) ills (Ur(e B )P <

(4) Online simulations. Conditional on the offline estimates, the B online trajectories are independent and
identically distributed, using fresh simulation randomness.

Proof of Theorem 3.13. Fix 6 and set ng := n/(2dp). For each offline system of N particles simulated under

parameter u, denote its states by (X/™V*)N | and define

N

1 AN ~N,u

DI T A )),_, €Ck.
i=1

The base system uses (N,u) = (M, 0), and the shifted systems use (N,u) = (ng, 8 £ nes), where e, is the ¢-th
canonical basis vector of R%. Set

D,
M ,0 N T d ~ 2”0»94’778[ _ 2"10,977765
A D= ¢ | eRTT, Dey = , Le[l,d,

N 2n
D

where D, € R %4 is the time-t block, as in (67). Write G = @%"Mn(e) Throughout, the time-zero population
argument remains fixed at pg.

Conditional mean and its stability. For a prescribed coordinate flow ¢, define the randomized flow by
22 ZExQ— 2L, ZMe,w) = (Waler, Riw))),_,-
We omit w for simplicity. Using the prescribed-flow objective Fg, define T'* : CE x RTax*ds s Rde by
I'(c, D) =E[VyFk(0,2(c))] + D E[(V.2*(c)) ' V.Fk(0,2*(c))]. (51)
Here V.Z*(c) is the Jacobian with respect to the prescribed coordinates.

The policy-score identity identifies the first term in (51). For the population score, differentiation with respect
to ¢, followed by the chain rule, gives

sMWa(cr, Ry), 1)
E |R*(c) : = V.E[Fx(0,2*(c))]
sMWy(er, Rr), cr)
=E[(V.Z)(c)) ' V.Fk (8, 2*())] -
Consequently, T*(¢, D) is the expectation of the score estimator using coordinates ¢ and sensitivity matrix D.
The same covariance calculation as in the gradient convergence proof gives, uniformly for ¢ € C%,
1Z2(c) = el + IVeZ*(c) — II| < CAW, (52)

where

T K
W=1+3 3 (145l +1Bil2),  EW™] <o,

t=1 j=1
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The constant C in (52) depends on ¢ only through an upper bound on ||c|| and a lower bound on the covariance
eigenvalues of ¢, and both are uniform over the compact set Cx. Indeed, ¢ — ||¢|| is continuous, hence bounded
on Cr. Moreover, Ayin(X) = minj, =1 u' Xu is 1-Lipschitz for || - [|op, S0 ¢ = min; Apin(2;) is continuous and
positive on Cx C Zg. It therefore attains a positive minimum cx on Cg.

Since ||c|| < C on CE, A <1 and W > 1, the bound (52) gives || Z*(c)|| < |lc|| + CAW < CW and ||V.Z*(c)||

||| + CAW < CW. The growth bound in Assumption B.13(2) gives ||V.Fx (6, Z*(c))|| < L(1 + ||Z*(c)|))"
CWT. Hence

<
<

|E[(VeZ(c) TV Fr (0, Z*(c)]|| S E[|VeZ )| IV Fx (6, Z*(c))||] < CE[W"™] < C.
Since I is linear in D,
|T* (e, D) =T, D%)|| < C||D — D?||p. (53)
At A =0,
¢, DY) = VyFx(6,¢) + (D) TV Fk(,c).
Since Z%(c) = ¢ and V.Z°(c) = I, subtracting and adding (DY) "E[V,Fx (0, Z*(c))] gives
I'*(¢,D?) —T%c,D?) = E[VoFk (0, Z*(c)) — VoFk (0, c)] + (D) 'E[V.Fk (0, Z*(c)) — V.Fk(0,c)]
+ (D) E[(VeZM(¢) = 1) V. Fx (0, Z(c))].

By the Lipschitz bound in Assumption B.13(2) and (52), |[VFk (0, Z*(c)) — VExk(0,c)|| < L(1 + [|Z*e)|| +
llelN™1Z2*(¢) — ¢|| < CAWTFL. The last term is bounded by ||D?|| CAW - CW™ using (52) and the growth bound.
Since D? is uniformly bounded and E[W"™1] < oo,

[T*(c, D?) = T%c, D?)|| < CA. (54)
Moreover, the Lipschitz derivative bounds on the compact set of base coordinates give
|T%(c, D?) —T°(2%, D%)|| < C|lc — 2. (55)
Since I'%(2%, DY) = VyJk (6), combining (53), (54), and (55) yields

P (e, D) = Vodie(@)]] < C(A+ e — 20| + D — D). (56)

Population-coordinate error. The fitting-accuracy assumption directly gives

E[I2 - 2'|1"] < Cady. (57)

Sensitivity error. Define the exact centered difference D" € RT%*d¢ column-wise by
0+nee _ 0—ney
z z
D"eg =
2n

Taylor’s formula along the ¢-th coordinate gives, with Taylor remainder Rf,
7?2
Z0Enee — 20 40920 + Eﬁgze + RE,

3
IRE| < L sup 9320 || < O,
6 juj<n

by Assumption B.18(1). Subtracting the two expansions cancels the constant and quadratic terms. Since
DOEg = 85,29,

R; — R

< Cn?.
2n =0

(D" — D?)ey|| = H
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Squaring and summing over the dy columns yields

D" = D%|lp < On?. (58)
For each shifted fit, set ezt = zrofdmer _ 04mer ¢ RTax - Subtracting the fitted and exact centered differences
gives

~ (2n0>9+77€£ _ 29"!‘776[) _ (27’7/0,9—7762 _ 29—1’]62)
(D — D")ez =

2n
&~

2n

The squared Frobenius norm is the sum of the squared column norms. Using ||a — b[|? < 2|/a||? + 2||b||?> and the
fitting bound E[[|e£||?] < Ca?, from Assumption B.18(2),

do
B1D - D'l = k| |°
=1

IE Ldz E(I¢f1?] + E[I17])

Decomposing D — DY = (D — D") + (D" — D) and using ||A + B|2 < 2||A||2 + 2||B||2, together with (58),
proves

~ a?
B[ID - D°IR) < '+ %2 ). (59)
Because D? is uniformly bounded and Gny <1,
E[|D|F] <C

Bias and mean-square error. Define the sigma-algebra generated by the offline particle systems by

J:off — U((XZ,M,G) (Xz n0,0+eneg)

te[0,7],i€[1,M]’ te[0,T],i€[1,n0], €[1,do], 66{—1,1})'

Here V denotes the sigma-algebra generated by the indicated sigma-algebras. Since the fitted coordinates are
functions of these particles, Z and D are F°T-measurable. Set G := IE[G | F°%]. The online simulation randomness

gives G = I"\(z,D).
Since G = I'(Z, D), the stability estimate (56) and (a + b+ ) < 3(a2 + b% + ¢2) give

E[|[G — VoJx (0)]%] < CE[(A+ |2~ || + |D - D°|I)"]
< C(N* +E[||Z - 2°|]*] + E[| D — D?|I3))

a2
<C(A2+aﬁ4+n4+7;;’), (60)

where the last inequality uses the population-coordinate bound (57) and the sensitivity bound (59). Since
E[G] = E[G], Jensen’s inequality proves the bias bound in the Theorem.

Conditional on F°f the online estimator averages B independent contributions. Applying the same conditional-
variance argument as in the paragraph Bias and mean-square error of the online estimator of the discrete
state space bias and mean-square error proof in Appendix B.2.5, together with the score moment bounds of
Assumption B.18(3), gives

E[|G-G|* | 7o) < = (1+ A% D|3). (61)

@l Q
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Write G — Vg Jg (0) = (G — G) + (G — Vg (8)). Since G is Fof-measurable and E[G — G | F°F] = 0, the cross
term vanishes:
]EKé -G, G—VJk(9)] = E[@E[é -G | F, G- VoJk (6))]
= 0.

Expanding the squared norm and taking expectations therefore gives
E[IG ~ Vo k (9)]?] =E[IG — GII’] +E[|IG — Vo (0)[°].

Combining (60) and (61) proves the result. O

C LINEAR DYNAMICS: A FULLY SOLVABLE FRAMEWORK

We present an application of the continuous-state setting developed in Section 3.2 in the linear dynamics set-
ting where the problem remains fully tractable. We will assume that the underlying dynamics is linear in its
parameters with Gaussian noise. The literature on this kind of problem is extensive, see Yong (2013); Elliott
et al. (2013); Carmona et al. (2019) among others, but its tractability makes it well-suited for benchmarking.
For simplicity and readability, we provide the computations in the case d = 1 but it can easily be adapted to the
multi-dimensional setting. Hence, we make the following assumptions

Assumption C.1. For any (t,z,a,m) € [0,T — 1] x R x R x P2(R), we assume

Py(z,a,m) = N(a; + bx + by + cpa, dy),
Xo ~ N(mo, 20),
nf(lz,m) = N(elz+em, f7)
for some R-valued families (at)¢, (be)e, (be)e, (ci)t, (€9)s, (€0) and (dy)s, (ff) € RY and some mo € R and ¥ € Ry

and where we denoted m = Ex...,[X]. Moreover, we impose sufficient reqularity conditions on the maps 6
(ef, 80, £9) to justify the score-function identity underlying the policy-gradient representation.

Remark C.2. Even if we are assuming the underlying transition kernel dynamics, we are still relatively in a
model-free setting as we do not have access to its parameters.

Lemma C.3. (Stability of the process (X¢)ieT)-
Lett € [0,T] and 8 € ©. Under Assumptions C.1, we have

X] ~N(m{,%7),
where the sequences (mf)ie and (X9)ieT are solution to the linear system

{m?—&-l = ay + (by + b)m{ + ci(e] + &l )ymy, (62)

2
S = e ced) B+ G () + dy
starting from m$ = mg and X8 = 3.

Proof. The proof is straightforward recalling that X;1|(X¢, o, Px,) ~ Pi(Xt, ar, Px,) P —a.s. Hence, it implies
that P — a.s

Xt+1 = Q¢ =+ tht + Bt]E[Xt] + Ct(eteXt + éfE[Xt] + fte€t+1) + \/(7t€t+17 (63)

where €;41 and €;41 are independent standard Gaussian random variables independent of X;. The result follows
taking the expectation and the variance in (63). O

Hence, under Assumption C.1 and the specific Gaussian parametrization, it follows that the process X? remains
in the manifold of Gaussian random variables, namely its law is characterized by a finite-dimensional vector,
here the couple (E[X?], V[X?]) for any t € T.
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Proposition C.4. (Transport map representation). According to the transport map construction in 3.6, the
following holds

MM (W) = N(m}P (W), 2 (W), weQ, tel[l,T]
where we set

m (W) = (1= Nmf + My (w),
SMw) = (1= A) 4+ AB(w)) 5

Proof. This is a direct application of Proposition 3.6. O
Lemma C.5. (Law of the random variables (m)", E?’e))te[[ljﬂ).
Let Uy = R x (—%,—&—oo). For any t € [1,T], 6 € © and X\ € (0,1), suppose that (A, B:y) € Uy P — a.s

and admits a strictly positive C' density map fca,,B,) with respect to the Lebesque measure over Uyx. Then the

random variable (m?’e, Ei"g) admits the following density

A 0 feans (@’ (m, %), 6 (m, %))
A ((m,2) | 21,) = S ,
2\ O't\/i
0

where 29 = (m}, %)) = (mf, (0})?) € R x RY., and the maps a? and b} are defined as

0
{a?ﬂ(m,m = melA,

A

bl(m,2) = 5(5 - 1-N)

and where the quantities (m%,c?) are given by (62).

Proof. This is a direct application of Lemma B.16 specified to our setting where K = 1. O
Theorem C.6. (Policy gradient in the L-Q setting).
For any 0 € ©, the map J» defined in (5) is differentiable with respect to 0 with gradient map given by

T-1 T
Vo M0) = E[ > BNV log nf (XM N (m? 52, a) + 30 RV tog M (m M) | 2L)
t=0 t=1

where we denoted the random variables (R)?)ser as

A0 T-1 . A0 A0 A,0
Rt = Zs:t Ts (Xs)\’eaN(m?ﬁv 2276)7 a?ﬂ) + g(XT 7N(mT aET ))a t S [[Oa T - 1]]a
A0 X0 A0 A0
Ry -*Q(XT N (map”, X ))

Proof. The proof follows also as a direct application of Theorem 3.12. O
Corollary C.7. (Score function of the mean-field density).
For any A € (0,1), 8 € © and t € [1,T], we have

1-—A
Vg log hA(<m7E) | Zf,t) = _Taa log f(At,Bt)(a’Z\’e(m’E)>bi\79(m7Z))VGmg’

1 N
- Xﬁb log fea,,p (@’ (m, %), 6 (m, E))T_@ Ve log of
t
— Vg log (0?)

Proof. The proof is straightforward noticing that

Vol Ly = _ Vyo! Vg log(af)
“oll T ol of

and recalling (C.5). O
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From the computation of the score function of the mean-field density in Corollary C.7 , it appears that we need
to get estimators of the quantities (Vom?)te[u,T]] and ((V@Uf)z)te[[LTﬂ similarly as we had to compute estimators
of (DY)ser. Unlike the approach developed in the main body, we can look for a probabilistic approximation of
theses quantities in the spirit of the discrete-time setting. Indeed, by noticing that

m{  =E[Y.5 L=eX? + Lmr Xf,
{<af>2 = E[ X150 1oma (X9 + Lo (X8)?] — ()2,
We hence are able to provide the following probabilistic approximations of the required gradient quantities.
Vem! =~ E[Xﬁﬂ(zj;g Vo log 7(XM0 N (M, 5,),a0) + S04 Vg log BA(M;, ;) | zfﬁ))
1,7 X2V log hN(Mr, S7) | ziT)},
Vo(of)? ~E[(XM)?( 21 Vo log n2(X20 N (My, 2,),02) + 32174 Vg log I (M, 2, | 20))
+1t:T(X7’\J9)2V9 log h((Mr,%7) | zf’T)] —2VgmIm?.

The approximations follow by similar arguments as in (Meunier et al., 2026, Section 3.1) so we refer to the

references therein for full details. Hence, it follows by noticing that Vg log(c?) = VQ‘Z((;;%;

The probabilistic representations of the moment sensitivities Vgm? and Vyo! provide an alternative model-
free approach to evaluate the mean-field score. By mirroring the likelihood-ratio technique of the finite-state
setting, this formulation bypasses the need for the centered policy differences used in the general continuous-
state algorithm. We denote this variant as Transport-Proba. Following the structure of Algorithm 1, we compare
Transport-Proba directly against both standard REINFORCE and the default Transport estimator. The results
are presented in Appendix E.3.3.

D ALGORITHMIC DETAILS

D.1 Sampling details

Each gradient step at the current 6 has an offline stage, which estimates the population coordinates and their
sensitivities, and an online stage, which simulates the perturbed trajectories entering the estimator (12) or (18).
All stages use the same rollout: given population arguments (my)e7,

Xo ~ po, Qi ~ Wf(' | Xtamt)7 Xiy1 ~ Pt(' | Xt7mt704t), te [[07T - 1ﬂ, (64)

with policy scores Vg logp?(ay | Xt, m¢). The procedure is summarized in Algorithm 1.

Offline stage: population coordinates. Run M interacting particles (X{)Z, through (64), with X{§ i.i.d.
with law p9 and population arguments given by their empirical law m; = M = 2 Ms x¢- The estimated

M Zat=1
coordinates are

t —

[ (@M@),....aM(N —1)), X finite,
Exc ("), X =R4,

where, in continuous state space, £ is computed by constrained Expectation-Maximization on the particles.

Offline stage: sensitivities in finite state space. Set lA)g’M’" :=0. Fort =1,...,T, run a batch of n
rollouts (64) of length ¢, indexed by r € [1, n], with population arguments

—(t,r —(t,r ~ —(t,r
mi) = o, mE = (11— + Q"
QU =Ty, selnt—1],

S

where the Uit’r) are i.i.d. with density p. Denote the states and actions of these rollouts by X

respectively, and define their policy scores by
)

S’” and &gm),

T =V logp? (@t | X0 mtn) e RY, s e o, — 1], (65)
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where the derivative holds the action, state, and population argument fixed. The k-th row of ﬁt = ﬁ?Mn €
RONV=Dxdo yritten DPM™ in (12) for k € [1, N — 1], is

n t—1
. 1 f(tﬂ') 1- 77 T tr)
== §_1j1{yi,,,7>:zk} { E_O T § DIH(Q . (66)

Each row is the score function estimator of Theorem 3.4, at scale n and horizon ¢, for the terminal reward
1ip—s,), with M and the earlier estimates D1, .. Dt 1 in place of pf and DY,... D¢ |. It estimates the
sensitivity of the n-perturbed state law.

Offline stage: sensitivities in continuous state space. For each ¢ € [1,dy], run two independent systems
of ng interacting particles as above, at the shifted parameters 6 £ney, where e, is the ¢-th canonical basis vector of
R% and 6 +ne, € O©. Denote by Efinee their fitted coordinates, which stack the weights, means and independent
covariance entries. Set

2494-7764 _ 2b-nmes

Dyey = % te[1,T], €€ [1,do]. (67)

These centered differences use n = 2dgng particles in total.

Online stage. Run B rollouts (64) with population arguments ]\//Téb) = po and, for ¢t € [1,T7],

770 _ J (=N + xp(U;”), X finite,
CDk(nGEL R, X =R

where the randomizers U( ) or R( ) are i.i.d. with law p. Their returns R® and policy scores S s
D, give the estimator (12) or (18), and € is updated by 6 < 6 + WGB o (0)-

together with

pol?

D.2 Computational Cost

The finite-state score estimator uses the representation of population probabilities as expectations of state in-
dicators. The continuous-state centered-difference estimator avoids differentiating the nonlinear mixture-fitting
map.

Proposition D.1 (Simulation cost). One policy update uses

T(M+ B)+nT(T+1)/2, finite states, fresh auxiliary batches,
Csim = T (M +n+ B), finite states, shared auxiliary batch,
T(M +n+ B), continuous states.

These counts exclude the arithmetic cost of mixture fitting and score evaluation. The finite-state MSE theorem
covers fresh auxiliary batches; the experiments use a shared batch.

Proof. The population and online stages use MT and BT transitions, respectively. Fresh finite-state auxiliary
batches require n Zthl t =nT(T+1)/2 transitions, whereas a shared batch of n trajectories of length T requires
nT transitions. In continuous state space, the 2dy auxiliary systems contain n = 2dgng particles in total and
require n1’ transitions. O

Simulator calls. In continuous state space, for a fixed total n, increasing dy decreases the number ny = n/(2dy)
of particles per shifted system. In finite state space, drawing a fresh auxiliary batch of length ¢ for each t, the
variant covered by Theorem 3.5, raises the auxiliary cost from nT to nT(T + 1)/2 transitions. For reference,
MF-REINFORCE (Meunier et al., 2026), with two auxiliary trajectories resampled at each terminal time, uses
Cvr = BurT + nurT(T + 1) trans1tions.
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Arithmetic and storage. Let ¢ = N — 1 in finite state space and ¢ = qx in continuous state space. Beyond
simulation, policy evaluation and mixture fitting, one update costs O(BTqdy) operations for the main scores,
plus O(nT?qdp) for the finite-state auxiliary recursion or O(T'qdy) for the centered differences, and O(Tq(1+dy))
memory for (Z, ﬁt)le. The 2dy shifted particle systems are independent and are simulated as a single batch,
whereas the finite-state sensitivities are computed sequentially in .

E EXPERIMENT DETAILS

E.1 Protocol and settings

All configurations use five paired seeds and Adam (Kingma and Ba, 2014). Within each benchmark, methods
share the policy class, the initialization, the training initial laws and the validation schedule. On the finite
benchmarks, the initial law is resampled during training and validation uses a fixed initial law, as in Meunier
et al. (2026); the continuous benchmarks use a fixed initial law throughout. Every ten updates, the frozen policy
is evaluated with M., = 10° interacting particles, except on bimodal allocation, where validation is exact.

Evaluation of the optimality gap. For seed s, let fs : © — R denote the validation estimate of the objective.
The learned parameter 6, and the reference parameter #* are evaluated from the same initial distribution, with
the same validation seed and particle budget. The reported gap for that seed is

| T5(85) — T,(6%)].

We report the mean and standard deviation of these five gaps. Table 4 reports f&(@), while the J(6*) column
of Table 1 lists the separately computed reference value. The gap calculation uses the sampled reference J,(6*).
On bimodal allocation, both objectives are evaluated analytically.

Reference policies. Two-state control uses the closed-form policy in Appendix E.2.1; advertising uses the
optimal feedback of Motte (2021). The linear—quadratic reference follows from the Riccati equations, and the
portfolio reference combines the optimal feedback gain with a concave quadratic program for the intercepts.
Bimodal allocation solves the scalar equation J(6) = 0 by bisection. Distribution planning uses gradient ascent
on the exact population recursion to obtain a reference value of —0.056991; global optimality is not certified.
Cybersecurity is evaluated by its objective because no optimum is available.

For Table 1, Transport’s selected scales are A,/4 on two-state control, linear—quadratic control and the port-
folio; A,/2 on distribution planning; and A,/8 on bimodal allocation. Transport-Proba selects A,/2 on both
benchmarks.

Budgets. The implemented Transport update uses Cgm = T(M + n + B) simulated transitions (Proposi-
tion D.1), using a shared auxiliary batch in finite state space, and every method within a benchmark receives
the same simulation budget. In finite state space, the experiments estimate lA)l, e ,lA)T from a single auxiliary
batch of n rollouts of length T'; Appendix E.3.4 compares it with fresh batches of length ¢ for each ¢, the variant
covered by Theorem 3.5, which costs nT (T + 1)/2 auxiliary transitions. REINFORCE simulates M + n + B
trajectories. MF-REINFORCE uses T'(M + Bur) + nvrZ (T + 1) transitions and reads the population flow off
the same M particles as Transport.

The split between n and B is selected by the mean-square error of the gradient estimator against the exact
gradient, over 120 replications. On the continuous benchmarks, the auxiliary stage gives 128 particles to each of
the 2dy shifted systems, so n = 256 dy. The bimodal benchmark gives 4000 particles to each of its two systems.
Table 3 collects the allocations.

All training was performed on the Runpod GPU cloud, using an RTX A4000. The code was run in parallel on
the 16 available vCPUs, with at most 14 workers at a time.
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Table 3: Transport allocations and optimization settings. M, n and B are the population, auxiliary and main
sample sizes, and the budget is the resulting number of simulated transitions per update, T(M + n + B), which
every method of a benchmark receives. Transport is trained at A € X\, {1/8,1/4,1/2,1,2}, with \, = B~Y/4; 5 is
the finite-state simplex randomizer scale and K the number of mixture components.

Benchmark T M n B Budget Updates Step size Ax n c K
Two-state 5 200 12 248 2300 20000 1073 0.252 098 0.75 —
Cybersecurity 3 200 51 153 1212 20000 1073 0.284 098 075 —
Distribution 5 500 280 280 5300 30000 1074 0.244 0.98 0.5 —
Advertising 5 200 65 195 2300 10000 1073 0.268 0.95 1 —
Linear—quadratic 20 150 10240 111 210020 10000 1073 0.308 0.95 — 1
Portfolio 10 100 5120 211 54310 50000 1072 0.262 0.95 — 1
Bimodal allocation 1 2000 8000 100000 110000 1000 107*  0.0562 0.04 — 1,2

Perturbation scales. The main scale is taken in \,{1/8,1/4,1/2,1,2}, with A, = B~/* the order suggested
by Theorem 3.5.

On the finite benchmarks, Q; = ¢(U;) with U; ~ N(0,0%Ix_1). The auxiliary scale and the randomizer
scale are selected jointly in n € {0.85,0.95,0.98} and ¢ € {0.5,0.75,1}, before training and at A, by the
same mean-square error criterion as the budget split, over three warm-started reference policies. This gives
(n,0) = (0.98,0.75), (0.98,0.75), (0.98,0.5) and (0.95, 1) on two-state control, cybersecurity, distribution planning
and targeted advertising. On two-state control, Transport is also trained at A, with n € {n,/2,7n.}, where
Ne = n~1/4 suggested by Theorem 3.5, and 21, > 1. MF-REINFORCE uses ¢ = 0.2,1,2 on two-state control,
cybersecurity and distribution planning, the best scales reported by Meunier et al. (2026), and € = 1 on targeted
advertising, the best screened scale over {0.5, 1,2} over three seeds at the matched budget.

The continuous benchmarks use n = 0.95, selected against the exact sensitivities, except the bimodal benchmark,
which uses = 0.04 (Appendix E.2.7). On the continuous benchmarks, the randomizer (13) uses A;; ~ N (0, Iy),
Bj; = et with G, ~N(0,1) in dimension one, and, for K = 2, the same simplex randomizer for the weights.
Linear—quadratic control and the portfolio use K = 1; only the bimodal benchmark compares K = 1 and K = 2.
Transport-Proba is trained on the same grid of A as Transport and has no auxiliary scale.

E.2 Benchmarks
E.2.1 Two-state control

Following Meunier et al. (2026); Gu et al. (2023), states are {0,1} and actions are stay (ST) or move (MV).
A move from z succeeds with probability A;, where (Mg, A1) = (0.5,0.8). Writing m = u(1), the running and
terminal rewards are r(z,u) = g(x,pu) = 1z=1} — m? — 10jm — 0.4|. The stationary policy uses two logits,
70(MV | 2) = (14 e~ %)~ initialized at zero. The horizon is T = 5. Training samples mg ~ U([0.1,0.9]), and
validation uses mg = 0.8. The optimal policy stays with probabilities (0.2,0.25) in states (0,1); it sends every
initial law to (0.6,0.4) in one step.

E.2.2 Cybersecurity

We use the model of Meunier et al. (2026); Kolokoltsov and Bensoussan (2016); Carmona et al. (2023), with
states DI, DS, UI, US denoting defended/undefended and infected/susceptible computers. Action a € {0, 1}
switches protection at rate 0.8a. Infection rates are

tp(p) = 0.24 + 0.4u(DT) + 0.4(UT), ty(p) = 0.18 4+ 0.3(DI) + 0.3u(UT).

Recovery rates are 0.5 for defended and 0.4 for undefended computers. These rates define a generator Q*®,
and the transition kernel is exp(0.2Q**). The reward at time ¢ is —0.2+[0.31pr ps} (%) + 0.51pr,ury ()], with
v = 0.5°2, The policy is a tanh MLP with two hidden layers of width 32, taking (¢, ) as input. Training uses
T = 3 and pg ~ Dirichlet(14); validation uses the uniform law and T' = 50.
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E.2.3 Distribution planning

Following Meunier et al. (2026); Carmona et al. (2023), states lie on Z/10Z, actions are a € {—1,0,1}, and
Xi11 = X;+a (mod 10). The rewards are 7(z,a, ) = —0.01]a| — |1 — prarget||? and g(@, 1) = —||p — fearget |,
with

fitanger = (0.02,0.04,0.09,0.16,0.19,0.19, 0.16, 0.09, 0.04, 0.02).

The policy is a tanh MLP with two hidden layers of width 64, taking (¢,u) as input. The horizon is T' = 5.
Training samples g ~ Dirichlet(11¢); validation starts from the uniform law.

E.2.4 Targeted advertising

Adapting Motte (2021), let = € {0,1} indicate customer status and ¢ € {0,1} indicate advertising. With
p = u(1),
P(1|z,a,u) =min{p + 0.2a, 1}, r(x,a, 1) = 0.5"(z — 0.15a), g=0.

The policy is a tanh MLP taking (¢, 1) as input. The horizon is T' = 5. Training samples py ~ U([0.05,0.95]);
validation uses pg = 0.5.

E.2.5 Linear—quadratic control
For Z(m) = [ m(dz), the policy and dynamics are
At | Xt, my ~ N(t‘)tht -+ 0?%’(7]’”), 7'2), Xt+1 = CLXt -+ bAt -+ ca_:(mt) -+ O&t4+1,

with independent standard Gaussian noise. The objective is J = —E[ Y, _1(¢X? + rA7 + vz (uf)?) + qr X3 +
YrZ(pd)?], with T =20, a = 0.9, b= 0.5, ¢ =0.05,¢g=qgr =1,7r=01,y=797 =5, 7 =02 and ¢ = 0.1.
Initially Xo = 1+ V, with V' ~ Laplace(0,1/(2v/2)), so the population law is not Gaussian, and 6 = 0. The
optimal policy is given by the Riccati equations of the mean-field linear—quadratic problem. Transport uses
K=1.

E.2.6 Mean—variance portfolio
The wealth dynamics and Gaussian policy are
Xip1 = Xy + g Ryqq, ap = ki( Xy — 2(my)) + by + Tey,
with 7(x,a,m) = —yz(m)? and g(z,m) = v — x(z — £(m))?. Returns R;y1 ~ N(0.02,0.082) are independent,
and independent of the exploration noises. We use T' = 10, Xy ~ N (1,0.04), x = 10, v = 2 and 7 = 0.2.

The optimal feedback gain is kf = —7/(7* + 0%), with 7 = 0.02 and o = 0.08, and the optimal (£}) solves a
T-dimensional concave quadratic program. Transport uses K = 1.

E.2.7 Bimodal population allocation

This benchmark tests the effect of the number of Gaussian components. The population has two modes, and its
mean and variance do not depend on the policy parameter. A single Gaussian therefore loses the information
needed to optimize the objective.

Model and objective. Take T =1, ¥ = A =R, © = [0.75,0.95], and X¢ ~ $N(—1,0.01) + 2N/(1,0.01).
The policy and transition kernel are

(- | z,m) = N'(62,0.99 — 1.016%), P(- | z,m,a) = N(a,0.01).
The policy variance is positive throughout ©. The terminal law is
o _ 1 2 1 2
W = 5]\/(—9,1—0 )+§J\/(0,1—9 ).

Every such law is bimodal, with mean zero and variance one.
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Set 79 = 0 and define the terminal reward g : R X P2(R) — R by

glz,m) = —100(/Rexp [— Q(g;z]m(dy) - 0.1>2.

The integral measures how concentrated the population is near zero, which cannot be determined from its mean
and variance alone. Since the reward depends only on the population law, the expected REINFORCE gradient
is zero.

Exact validation. Integrating the terminal reward against the Gaussian mixture gives

J7(6) = 100(\/10(227_92 exp [ 2(1032_92)} - 0.1)2.

The unique maximizer is 6* ~ 0.868437, with J(6*) = 0. We initialize at # = 0.8 and use the exact optimality
gap —J(0) for validation.

Effect of the mixture size. We compare K = 1 and K = 2 using maximum-likelihood mixture fitting. At
the population level, the fitted single Gaussian matches the mean and variance of pf. Since these are zero and
one for every 0, this fit is always N'(0,1). Evaluating the reward on this fitted distribution gives

2 2
2 2 0.2
Ji(0) = =100 [ e7v/CO2D A/(0,1)(dy) — 0.1) =100 ( - 0.1) ~ —(.923831.
o) =10 [ (0.1)(dy) =
Thus J; is constant: changing 6 changes the actual population, but not its single-Gaussian approximation.
The K = 1 projected objective therefore provides no gradient for learning. With K = 2, the terminal law is
represented exactly, so Jo = J.

E.3 Additional results
E.3.1 Learning curves and population dynamics

The population trajectories in Figure 1 identify the effects missed by REINFORCE. In distribution planning, the
reward charges for movement while the benefit depends on the resulting population distribution. REINFORCE
consequently remains close to the initial law. Transport learns a terminal law closer to the target, whereas
MF-REINFORCE concentrates too much mass near its center. In the portfolio, REINFORCE increases mean
wealth despite the running penalty on its square. The population correction substantially reduces this excess.

The advantage is smaller on the other finite-state benchmarks (Figure 3). Cybersecurity gives similar final
objectives for Transport and REINFORCE. On advertising, both population-corrected methods improve on
REINFORCE, which learns to avoid advertising. However, neither recovers the optimal policy of advertising
until the customer share reaches 0.9. MF-REINFORCE attains the higher mean objective, with substantial
variation across seeds.

Table 4: Final validation objective on the two benchmarks absent from Table 1 (mean =+ standard deviation over
five seeds; larger is better). Transport uses the scale with the highest mean final objective. Reference values are
computed from the benchmark models; gap evaluation is described in Appendix E.1.

Benchmark T Reference REINFORCE MF-REINFORCE Transport (A, n)

Cybersecurity 3 — —0.4887 £0.0007 —0.4986 +0.0142 —0.4883 + 0.0010 (0.568666,0.98)
Advertising 5 1.0188  0.9681 £+ 0.0036 0.9921 £0.0176  0.9821 £+ 0.0159 (0.133802,0.95)

E.3.2 Perturbation scale and mixture size

The scale sweeps in Figure 2 and Tables 56 show two competing effects. Larger perturbations can make the
perturbed objective easier to optimize, while changing which policy it favors. Advertising gives a clear example:
at the largest tested scale, the perturbed optimization error is zero to the reported precision, but the original
gap remains 0.05. Further optimization of that same objective would retain this loss.
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Figure 3: Cybersecurity and advertising. Top: validation objective against simulated transitions (five paired
seeds). Bottom: infected mass and customer share under the final policy of the first seed. Cybersecurity has no
known optimum.

Bimodal allocation separates the influence of K from that of A\. With K = 1, every population law is fitted by
N(0,1), explaining the nearly identical outcomes across scales. With K = 2, the fitted law retains the policy
dependence, and optimization of the perturbed objective is accurate to 107*. The increasing gap with A then
follows the displacement of the learned parameter from 6*.

Table 6 reports the change in the maximum objective value, the error in optimizing the perturbed objective,
and the final gap under J. Here 63} is the perturbed reference optimizer in the benchmark’s control class;
the distribution-planning reference is obtained numerically. The first column includes changes in the level of
the objective, so the final gap is the relevant measure of policy quality. These quantities use the population
equations, whereas Table 1 uses the validation procedure in Appendix E.1.

Table 5: Bimodal allocation: final gap and policy parameter, initialized at § = 0.8 (exact gap 0.1772). Gaps
are Monte Carlo validation estimates. The optimum is §* = 0.868437. For K = 1, the projected objective is
constant, J; = —0.923831; for K = 2, the representation is exact.

~

~

Estimator K A |J(0) — J(6%)] 0
REINFORCE — — 0.1752 £0.0087  0.8000 = 0.0000
Transport 1 0.00702927 0.14254+0.1239 0.8103 £ 0.0339
Transport 1 0.0140585  0.1425 4+ 0.1239  0.8103 £ 0.0339
Transport 1 0.0281171  0.1425+0.1240 0.8103 £ 0.0339
Transport 1 0.0562341  0.1425 +0.1241  0.8102 £ 0.0339
Transport 1 0.112468 0.1426 +0.1245 0.8102 £ 0.0340
Transport 2 0.00702927 0.0020 4+ 0.0009  0.8737 £ 0.0007
Transport 2 0.0140585 0.0068 £0.0017 0.8782 + 0.0007
Transport 2 0.0281171 0.0244 +0.0030 0.8865 £ 0.0007
Transport 2 0.0562341 0.0903 £ 0.0053 0.9015 %+ 0.0007
Transport 2 0.112468 0.3563 £ 0.0097  0.9298 +£ 0.0006
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Value change: |J*(0%) — J(0*)|; Opt. error:
|JNOx) — JX63)]; Final gap: |J(05) — J(6%)|. Objectives are evaluated from the population equations; dispersion is over

Table 6: Effect of perturbation on objective values and optimization.

five seeds. MF-REINFORCE uses its own perturbed objective and scale €.

Benchmark Estimator Scale Value change Opt. error Final gap
Two-state Transport 0.0315 0.1191 0.3730 £0.0617 0.5452 +0.1134
0.063 0.2394 0.1032 £0.0346 0.4427 + 0.0895

0.126 0.4848 0.0153 +0.0085 0.5968 + 0.0782

0.252 0.9970 0.0044 £+ 0.0027 1.4465 4+ 0.0889

0.504 2.1475 0.0074 £ 0.0028  3.6452 4+ 0.0809

MF-REINFORCE 0.2 2.6476 0.1892 +0.0445 0.7098 + 0.0915

REINFORCE — — — 29.0738 4+ 0.0000

Distribution Transport 0.0306 0.0009 0.0371 £0.0010 0.0369 % 0.0008
0.0611 0.0021 0.0320 £ 0.0009 0.0315 % 0.0006

0.122 0.0054 0.0252 £0.0013 0.0255 4 0.0010

0.244 0.0159 0.0177 £0.0014 0.0298 + 0.0011

0.489 0.0603 0.0173 £0.0040 0.0477 4+ 0.0040

MF-REINFORCE 2 1.7877 0.0790 + 0.0099 0.1178 £+ 0.0243

REINFORCE — — — 0.2046 £+ 0.0000

Advertising Transport 0.0335 0.0044 0.0421 £0.0141 0.0451 + 0.0150
0.0669 0.0088 0.0338 £0.0153 0.0392 + 0.0176

0.134 0.0176 0.0256 4+0.0109 0.0379 4+ 0.0162

0.268 0.0353 0.0165 £0.0001  0.0495 4+ 0.0007

0.535 0.0537 0.0000 £ 0.0000  0.0500 == 0.0000

MF-REINFORCE 1 0.0331 0.0196 +£0.0160 0.0274 + 0.0172

REINFORCE — — — 0.0500 £ 0.0000

Linear—quadratic =~ Transport 0.0385 0.2282 0.0344 4+0.0024 0.0370 % 0.0026
0.077 0.1299 0.0160 £ 0.0010 0.0196 + 0.0012

0.154 1.0465 0.0166 & 0.0010 0.0214 £ 0.0019

0.308 7.3214 0.0402 £0.0010 0.0389 £ 0.0026

0.616 35.5448 0.1568 + 0.0077  0.1389 =+ 0.0309

Transport-Proba 0.0385 0.2282 0.1396 £ 0.0206 0.1435 4+ 0.0207

0.077 0.1299 0.0434 £ 0.0038 0.0471 & 0.0042

0.154 1.0465 0.0431 + 0.0029 0.0469 + 0.0029

0.308 7.3214 0.0909 £ 0.0059 0.0868 £ 0.0029

0.616 35.5448 0.2294 + 0.0305 0.2644 + 0.0697

REINFORCE — — — 0.2163 £+ 0.0009

Portfolio Transport 0.0328 0.4970 0.6392 £0.1421 0.7551 4 0.2237
0.0656 0.9687 0.4231 £0.0796 0.6003 + 0.1769

0.131 1.7597 0.2543 +0.0556 0.7145 £ 0.1265

0.262 2.4207 0.1009 £0.0329 1.2568 + 0.0613

0.525 0.5683 0.1134 +0.0654 2.4766 + 0.1431

Transport-Proba 0.0328 0.4970 1.6853 £0.4038 1.8498 4+ 0.3817

0.0656 0.9687 1.3225 £ 0.4507 1.3289 %+ 0.4980

0.131 1.7597 0.7035 + 0.1708 0.7190 £ 0.1738

0.262 2.4207 0.5543 £0.0648 1.2154 + 0.1074

0.525 0.5683 0.1902 +0.0333 2.8870 4+ 0.4371

REINFORCE — — —  6.8874 4+ 0.0036

Bimodal allocation Transport (K =2) 0.00703 0.0010 0.0000 £ 0.0000  0.0019 % 0.0005
0.0141 0.0031 0.0000 £ 0.0000 0.0066 4 0.0010

0.0281 0.0098 0.0000 £ 0.0000 0.0239 4 0.0020

0.0562 0.0303 0.0000 £ 0.0000 0.0888 + 0.0041

0.112 0.0988 0.0001 £ 0.0001 0.3517 & 0.0078

REINFORCE

0.1772 £ 0.0000

E.3.3 Sensitivity estimator and runtime

Transport-Proba replaces centered differences of fitted coordinates with a likelihood-ratio estimate of moment
sensitivities. On linear—quadratic control, centered differences give a smaller final gap at every tested scale
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Table 7: Simulator transitions per update and wall-clock time per complete training run. Each benchmark uses
the same simulator budget across methods.

Benchmark Estimator Transitions/update  Seconds/run  Ratio
Two-state REINFORCE 2300 70 1.0x
MF-REINFORCE 2300 387 5.5
Transport 2300 220 3.1x
Cybersecurity REINFORCE 1212 167 1.0x
MF-REINFORCE 1212 595 3.6x
Transport 1212 393 2.4%
Distribution REINFORCE 5300 169 1.0x
MF-REINFORCE 5300 2124 12.5%
Transport 5300 2706 16.0x
Advertising REINFORCE 2300 47 1.0x
MF-REINFORCE 2300 298 6.3x
Transport 2300 168 3.6
Linear—quadratic REINFORCE 210020 349 1.0x
Transport 210020 719 2.1x
Transport-Proba 210020 2577 7.4%x
Portfolio REINFORCE 54 310 799 1.0x
Transport 54 310 1796 2.2
Transport-Proba 54 310 1888 2.4x
Bimodal allocation REINFORCE 110000 19 1.0x
Transport 110 000 192 10.0x

(Table 6) and a shorter runtime. The portfolio comparison is closer relative to the variation across seeds. Both
estimators use K = 1 here: the Gaussian fit retains the relevant population moments even when the true state
law is non-Gaussian.

Table 7 quantifies the computational cost beyond simulation. Transport is slower than REINFORCE because
each update also estimates sensitivities and evaluates population scores. The overhead is particularly large on
distribution planning and bimodal allocation. Thus the improvement at matched simulator budgets comes with
an additional arithmetic cost; it does not imply the same gain per second.

E.3.4 Auxiliary scale and reuse of trajectories

The auxiliary-scale sweep uses exact population flows, so its sensitivity error comes entirely from the auxiliary
estimator. At small 5, the factor (1 —n)/n amplifies noise in the earlier sensitivities used by the recursion. The
resulting error can grow substantially across time steps, explaining the large finite-budget errors near n = n~/%
in Table 8. On two-state control, the dynamics and policy are independent of the population argument, and
larger radii mainly reduce this variance amplification.

Advertising shows the cost of stronger perturbations: sensitivity error is minimized at an intermediate scale, while
gradient error is flatter over the larger scales. The gradient weights the sensitivities by returns and population
scores, and also contains online sampling noise. Its MSE is therefore the relevant criterion for selecting 7, as in
the protocol.

Shared and fresh auxiliary batches give comparable errors in this sweep. Reusing a batch reduces the auxiliary
simulation cost from nT(T + 1)/2 to nT, but introduces dependence between successive sensitivity estimates.
The theorem analyzes fresh batches; Table 8 assesses the shared-batch implementation empirically. In training,
two-state control at A, reaches final gaps of 1.93 £ 0.15 at n = 7, /2, and between 1.34 £ 0.13 and 1.36 £ 0.13 at
n € {14, 0.85,0.95,0.98} (five seeds): only the smallest scale degrades the final performance.

E.3.5 Perturbation of the law and gradient

At a fixed policy, the finite-state total-variation distance is proportional to A by construction. For a single Gaus-
sian, the W, distance also scales approximately linearly, through changes in the mean and standard deviation.
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Table 8: Relative sensitivity MSE 3>, E[|[D; — Dy||%:]/ 32, |D¢||% (200 replications) and gradient MSE E[||G —
VoJ|[?]/IIVeJ||? (100 replications). The population flow is exact; the policy is fixed at initialization and A =

B~1/4, The first scales are 1x/2, nx and, when below one, 21,, with n, = n=1/4,
Benchmark n n Sensitivity error Gradient error
shared batch  fresh batches shared batch
Two-state 12 0.269 4.33-10* 3.93.10* 8.46 - 10°
0.537 31.6 32.2 15.4
0.85 1.26 1.31 2.91
0.95 1.05 1.07 2.75
0.98 1.04 1.06 2.75
Cybersecurity 51  0.187 1.13 - 10" 1.76 - 10" 1.39 - 10°
0.374 312 448 4.17-10%
0.748 8.6 9.14 1.44-10°
0.85 6.29 6.67 1.00 - 10°
0.95 5.61 5.97 836
0.98 5.58 5.92 812
Distribution 280 0.122 2.56 - 101° 3.09 - 101° 2.85-10'°
0.244 3.04 - 107 3.75 - 107 3.60 - 107
0.489 6.45 - 103 8.04-10° 9.71-10%
0.85 0.597 0.603 1.37
0.95 0.178 0.177 0.487
0.98 0.155 0.154 0.443
Advertising 65 0.176 20.2 12.2 1.43 - 10*
0.352 1.57 1.15 1.51-10%
0.704 0.804 0.72 496
0.85 0.881 0.793 449
0.95 0.913 0.866 465
0.98 0.922 0.892 468

The two-component case additionally changes mixture weights and redistributes mass between modes, producing
different behavior over the tested scales. The gradient perturbation is approximately linear on the benchmarks
where it is evaluated (Figure 4).

The policy is fixed after 200 updates. Distances use 2000 randomizer draws in finite states and 200 per time step
in continuous states; the latter use mixture quantiles to compute root-mean-square Ws.

E.3.6 Bias and mean-square error

We vary one quantity at a time to distinguish sampling error from perturbation error. The inverse-sample-size
slopes in M and B are consistent with Monte Carlo averaging. Sensitivity error shows the same behavior in n
until systematic error becomes dominant. On advertising, the error only decreases from 0.47 to 0.38 between
n = 130 and n = 260, giving a fitted slope of —0.51. This is consistent with the error remaining in the perturbed
sensitivity at fixed 7.

Figure 6 isolates the continuous-state sensitivity calculation. With exact flows, centered differences have squared
error of order n*. With fitted particle flows, dividing the endpoint fitting errors by 27 increases their contribution
as 7 decreases. The observed curves reflect the sum of these truncation and fitting errors, as in (45). At the
benchmark budgets, the fitting term dominates at every tested n: the total error decreases as n~2 up to n = 0.95
and remains well above the truncation error.

The continuous-state bias sweep uses exact flows and sensitivities, B = 4096 and 1024 replications. The bias is
the norm of an average over these replications, so it is only known up to its Monte Carlo standard error. The
slope in A is therefore fitted in two steps. First, we discard every scale at which the estimated bias is smaller
than twice its standard error, since such a value cannot be distinguished from noise; this removes A = 0.025 on
the portfolio. Second, among the remaining scales, we keep the smaller half, because at large A\ the bias can
become comparable to the gradient itself and stop growing linearly. The fit thus uses A € {0.025,0.05,0.1} on
linear—quadratic control and A € {0.05,0.1,0.2} on the portfolio. Finite-state bias is computed exactly, so only
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(a) perturbation estimate (b) perturbation consistency

IVoJ* = VoJll
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-m- Portfolio —4— Two-state —¥— Cybersecurity ---- «2

Figure 4: Perturbation at a fixed policy on all benchmarks. Left: total variation (finite states, solid) and Ws
(continuous states, dashed). Right: ||[VeJ* — VyJ||. Grey reference lines have slopes 1 and 1/2.
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Figure 5: Continuous-state estimator errors as one quantity is varied. Dashed lines show predicted powers. Bias
error bars show the Monte Carlo standard error; hollow markers are the scales excluded from the slope fit.

the second step applies, and the fit uses the three smallest scales, A € {0.025,0.05,0.1}. Saturation is visible on
two-state control, where the bias is 0.32, 0.87 and 1.92 at these scales and then stays below the gradient norm
2.06. The continuous-state policies are § = 6*/2, and the finite-state policies are fixed at initialization. Full
fitted slopes are reported in Table 9.
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Figure 6: Continuous-state sensitivity error against n, using fitted particle flows and exact population flows.
Exact flows isolate truncation error. The vertical line marks n = n Y6 with ng = n/(2dg) = 128.

Table 9: Log-log slopes for all benchmarks. Each row varies one quantity, holding the remaining quantities at
the benchmark allocation, except that the continuous-state A sweep uses B = 4096. The )\ slopes are fitted on
the three smallest scales at which the bias is resolved, as described above.

Quantity Swept LQ Portfolio Two-state Cyber. Planning Advert. po
E||D — D|?> 7 (exact flows) +4.02  +3.99 — — — — 44
E|D-D|* n ~123  —1.14 ~1.06 —1.00 —1.02 —051 —1
|EG —VJ| A +1.02 +1.02 +1.28 +1.00 +1.00 +1.00 +1
E|G - EG||*> B —0.90 —0.95 —-0.99 -1.01 -1.03 —-0.92 -1

E|Z — z|? M —1.07 —0.98 —-1.02 —-1.02 —-1.00 —-1.06 —1
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