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Introduction and motivation



Generative modeling through optimal control

Generative modeling can be viewed as an optimization problem over probability distributions: one
seeks a mechanism whose output law matches the distribution of the observed data.
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Generative modeling through optimal control

Generative modeling can be viewed as an optimization problem over probability distributions: one
seeks a mechanism whose output law matches the distribution of the observed data.

» For time series, matching only marginal distributions is generally not enough: the generator
should reproduce temporal, path-dependent, and volatility features.

» Stochastic control provides a natural way to steer the law of a stochastic process while retaining
an interpretable dynamical model.

» When the objective depends explicitly on the distribution of the generated process, this naturally
leads to mean-field control problems.

Central Question:  Can optimal control of mean-field systems provide a principled
framework for designing sample-based time-series algorithms?
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Generative models for time series: literature review

» Score-based diffusion models:

» Schrédinger—Bass bridge models:

» GAN-based models:

» Signature-based models:
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McKean—Vlasov optimal control with path dependence

» Full path dependence — probabilistic approach:

Stochastic Maximum Principle for controlled mean-field FBSDEs with coefficients depending on
the law of the whole paths of the state and control.

» Full path dependence — dynamic programming approach:

Dynamic Programming Principle and Master Bellman equation for path-dependent
McKean—Vlasov control problems.
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McKean—Vlasov optimal control with path dependence

» Full path dependence — probabilistic approach:
Stochastic Maximum Principle for controlled mean-field FBSDEs with coefficients depending on
the law of the whole paths of the state and control.

» Full path dependence — dynamic programming approach:

Dynamic Programming Principle and Master Bellman equation for path-dependent
McKean—Vlasov control problems.

In this work, we initiate the study of discrete path dependence in McKean—Vlasov optimal
control, where the dependence on the past enters through observations at a finite collection
of deterministic times

O<th<---<ty=T.

We will focus on the probabilistic approach and characterize optimality through the
Stochastic Maximum Principle and mean-field FBSDEs.
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Notation

Probability and processes
> (Q,F,F,P): filtered probability space.
> (Wi)o<e<T: Brownian motion.

» SP([0, T];RY): cadlag adapted processes such
that

E| sup |X¢]P| < oo.
0<t<T

> H2([0, T]; RY): progressively measurable
processes such that

-
]E[/ |Z: |2 dt:| < co.
0

Laws and path variables

>

>

P>(R?): probability measures with finite
second moment.

Px,: law of X; under P.

MN:={0<t; <...<ty= T} : Observation
grid.

n(t): number of observation times available at
time t.

n(t) == sup{i € [1,N] : t; < t},

with convention n(t) =0 for t < t1.
Xty = (Xoy, -+, Xt (y): observed path
history.

Hop(e) = ]P’xn(r) observed path law history.

Convention: Bold symbols denote path-valued quantities.
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[N-non-anticipative maps

Let
h:[0, T] x (RN x Po((RY)V) — RPXY,

Definition : [N-non-anticipativity

We say that h is [N-non-anticipative if there exist measurable maps hg, h1, ..., hy such

that
ho(t), t € [to, t1),
h(t,x, ) = < hi(t, xi, p;), te€[titiyr), i=1,...,N—1,
hn(x, @), t=T.
Here,
xi = (x1,...,X), p; = pry.iipe denotes the corresponding marginal law with pry.;(x) := x;
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[N1-non-anticipative maps

Let
h: [0, T] x (RHN x Pa((RY)V) — RPX9,

Definition : [N-non-anticipativity

We say that h is [N-non-anticipative if there exist measurable maps hg, h1, ..., hy such

that
ho(t), t € [to, t1),
h(t,x, ) = < hi(t, xi, p;), te€[titiyr), i=1,...,N—1,
hn(x, @), t=T.
Here,
xi = (x1,...,X), p; = pry.iipe denotes the corresponding marginal law with pry.;(x) := x;

Interpretation: at time t € [t;, t;11), h only depends on the information available up to
t;.
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A new class of controlled diffusion processes
» The stochastic dynamics is given by

{dXt = b(t, X, Px, X, Px,, ot )dt + o(t, X, Px, Xe, Px,, o)A W, W
Xo =¢,

where t € [0, T], X = (X, -

.., Xty) and for some [-non-anticipative maps b, o satisfying usual
assumptions.

» The cost functional is given by

-
J(a) = E[/ (£, X, Px, Xz, Px,, ac)dt + g(X, Px)], ()
0
where f is a lN-non-anticipative map and g some measurable map.

Well-posedness: Existence and unicity of (1) is guaranteed by standard arguments by solv-

ing recursively the SDE on each interval [t;, tj;1) starting from a standard McKean-Vlasov equa-
tion on [to, t1).
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A new adjoint characterization of the mean-field FBSDE

The Hamiltonian associated with the stochastic control problem (1)—(2) is defined by

H(t»xaﬂax»lh}’»Z,a) = b(t7xal"'7xvuva) 'Y+U(t7X7H,X7M7a) 'Z+f(t7XaI~L»X7M73)-

(H is a -non-anticipative map. )

Definition : Adjoint processes

Given £ an admissible initial condition and « an admissible control, we call
(Y,2) € S*([0, T RY) x H*([0, T]; R?*")

adjoint processes of X if

T T
Yt:YT+/ Fsds—/ ZdW.+ Y &  te0,T], P-as. 3)
t

& ki t<t <ty_1

12/26



Adjoint coefficients and jump terms

» The continuous driver is

[ s ~ ~ SO
Fs = 8XH<5,X,IP’X,X5,1P’XS, Ys,257as> +E[8;MH<5,X:PX7X5» Px,, Y57257015>(XS)]~ 4)
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Adjoint coefficients and jump terms

» The continuous driver is
~ 5 . ~ - -
Fo = OcH (s, X Bx, X, B, Yo, Zo,0s) + B | 0 - (5, X, Bx, Ko, By, Vo, 26,8 ) (X:) | (4)

» For k € [1,N — 1], the jump terms are

&k i=E

.T -
/ (aka(t7X7?x,anxt,Yhzr,at)+ﬂ«:
t

k

S % n % b v 5
05 5—H (£, X Bx, Xe, Bx,, Yt,zt,at)(x)D dt
(5)

+ 05, 8(X,Px)+E

05, 5i]g<)~(,]Px>(X):| ftk} .

» The terminal condition is

Y7 = 0xy8(X,Px) +E |8

" 5m

5 s~
g<X,Px>(X)] :
Here, [ denotes the expectation over (S:Z,.7-', ]Ii’) on which independent copies of the processes are defined.

Interpretation: Each jump term &, aggregates conditional sensitivity of future costs with
respect to the corresponding observed state and its distribution. 13/26



A necessary condition for optimality

Under some regularity assumptions on b, o, f and g and their derivatives, we can state
the following necessary condition for optimality.

Theorem : A necessary condition

Suppose that H is a convex map in its control argument for any fixed (t, x, p, x, 1, y, 2).
Let (&+)o<t<7 be an optimal control and (X, Y;, Z;)o<t<T be the associated forward and
adjoint processes. Then, we have

H(t7x7PX7Xt7HDX“ Ytazh&t) S H(tvx7]P)X7Xt7]P)Xm Ytaztva) dt® dIP - a-e7

for every a € A.
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Convexity for IN-non anticipative maps

Definition : Convexity for path-arguments maps

A M-non anticipative differentiable map L : [0, T] x (RY)N x Po((RY)") — R is said to
be convex if

n(t)
L(t, X', p') = L(t,x, ) =) O L(t, x, 1) - (x] — x;) (6)
i=1
n(t)
Z % 5 H(t, x, p)(X) - (X] = X3)],

for any x = (x1,...,xn),x' = (X{,...,xy) € RN, pu,p’ € Po((RY)V) and for any
coupling, i.e., for any pair of random vectors (X, X') = ((X1,...,Xn), (X{,..., X}))
defined on a common probability space (2, F,P) with marginal laws X ~ p, X' ~ p'.
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A sufficient condition for optimality

A necessary condition for optimality can be obtained through the introduced convexity
definition as follows.

Theorem : A sufficient condition

Let (@t)o<t<T € A and (Xi, Y, Zt)o<t<T be the associated controlled state and adjoint
processes. If we assume

> (RN x P((RY)N) > (x, ) — g(x, p) is convex in the sense of Eq (6).

> ROV x Py((RY)V) x RY x Po(RY) x A > (x, p, x, p, @) = H(t, X, pt,x, 1, Ve, Zt, a)
is convex dt @ dPP — a.e in the sense of Eq (6).

» |If furthermore

H(t, X, Px, X, Px,, Ve, Ze, &) = inf H(E X, Px, X, Px,, Ye, Ze,a), dt@dP —ae,

then & is an optimal control.
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Solvability of the mean-field FBSDE : Path-dependent LQ systems

» Dynamics of the state process

{dXt - [5 + 379 Bxy + 37 BE[Xy] + CXe + CE[X:] + Dat] dt + od W,
Xo =¢

)

Cost functional

T _
J(o) =E /0 (Pt~ (X Xa(e)) + Pogey - (BX 9] "EIX ) + Jore - Rae )t

—

+H- (XTX)+H- (E[X]TIE[X])},

where X is viewed as the d X N matrix with i-th column X, and X, as its d x n(t) truncation.
Ansatz for the adjoint process Y of the form

n(t) n(t)
Ye =Y N()Xy + Y N(OEXy] + T()Xe + T(OE[X] + x(t), 0<t<T, (")
i=1 i=1

where (Ai, Aj) : [t;, T] = RI*9 (I, T): [0, T] = R¥*9 and x : [0, T] — RY are deterministic maps for
any 1 < i < N with convention that I'(T) =T (T) = 0, obtained through Riccati equations and jumps.
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Solvability of the mean-field FBSDE : Path-dependent LQ systems
» Dynamics of the state process

{dXt - [5 + 379 Bxy + 37 BE[Xy] + CXe + CE[X:] + Dat] dt + od W,
Xo =¢

)

» Cost functional

T _
J(o) =E /0 (Pt~ (X Xa(e)) + Pogey - (BX 9] "EIX ) + Jore - Rae )t

—

+H- (XTX)+H- (E[X]TIE[X])},

where X is viewed as the d X N matrix with i-th column X, and X, as its d x n(t) truncation.
» Ansatz for the adjoint process Y of the form

n(t) n(t)
Ye =Y N()Xy + Y N(OEXy] + T()Xe + T(OE[X] + x(t), 0<t<T,
i=1 i=1

where (Ai, Aj) : [t;, T] = RI*9 (I, T): [0, T] = R¥*9 and x : [0, T] — RY are deterministic maps for
any 1 < i < N with convention that I'(T) =T (T) = 0, obtained through Riccati equations and jumps.

Takeaway: Existence and uniqueness can be shown for path-dependent linear quadratic systems

relying on (7) and the stability of the process (E[Xt|.7-'fk])t>tk forany 1< k< N-—1.



Solvability of the mean-field FBSDE : Time series generation

» Dynamics of the state process

dXt = C%tdt =+ O'(t, )(1:)dW1:7
Xo =¢

» Given a penalty parameter A > 0, we define the cost functional as
A 1 0 2
Pa)=E[ [ FladPde] + AMMDE (B, ..x, o).
where the Maximum Mean Discrepancy (MMD) map is defined as MMD(+|p)
> 1
MMD (ulp) = 5 K(x, y)(1 = p)(dx) (1 = p)(dy),
(RT)N)2
for some differentiable kernel map K : (RY)N x (R¥)Y — R for which Dx(u|p) = 0 i.ff. p=p.

Takeaway: Working with MMD here is particularly convenient as the whole regularity require-

ments for the contraction argument is obtained through the regularity of the kernel K itself.
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Solvability of the mean-field FBSDE : Time series generation

Following our approach, the MF-FBSDE system (X*, Y, Z*) is given by

axp = —Y]dt + o(t, X)dW,

X3 =0,

ayp = =0k (Tr(o(t, X)) T Z}))dt + ZpdWs, t_1 <t <t,, ke[L,N—1], andty_; <t<ty,

Yo =YX = B[ fgap O, KO B0 (@) = figayy O KX y)p(ay)| Fe |, ke [1,N - 1],
k

Yti\\/ = A(f(Rd)N VXNK(X)‘:Y)P(xr)l\,m,xgv)(d)’) - f(]Rd)N Vi K(XA’Y)P(dY))-

(®)

Interpretation: Since J* is finite for any A > 0, one expects MMDk (Pixx . x2)1P) Ny 0,
177ty — 00
where (X*, Y*, Z*) is a solution to (8).
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Solvability of the mean-field FBSDE : Time series generation

Theorem : Existence and uniqueness in small time

Let K € C*((R*)" x (R?)") with uniformly bounded derivative maps 9xK, 0K and 9,0xK.
Suppose that o has a uniformly bounded and Lipschitz derivative Oxo, and that there exists a
map X := (X1,...,%,) : [0, T] x R = R" such that

dvo? (t,x) = XL;(t, x)la, j=1,...,n,

where ¢/ denotes the j-th column of ¢ and I, is the identity matrix of RY*9.

Then, there exists § > 0 depending on the bounds of Oxo, the Lipschitz constants of VLK, A,
and the number of points N in the grid, such that for any T € (0, ¢], the MF-FBSDE (8) admits
a unique solution

(X*, Y, 2 e sY([o, T];RY) x $*([0, T]; RY) x H2([0, T]; RY*").

20/26



Outline

Financial time series generation



Synthetic experiments : Choice of the generative model

Question: Can our mean-field optimal control approach adjust a reference model by matching

selected path and volatility features of generated scenarios to those observed in the data ?
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Synthetic experiments : Choice of the generative model

Question: Can our mean-field optimal control approach adjust a reference model by matching
selected path and volatility features of generated scenarios to those observed in the data ?
Starting from some reference model, fitted from the data, from which one can compute drift and volatility

M-non anticipative maps b'¢f and o"f, we consider the following optimization problem
» State dynamics

dX: = bf(t, X)dt + ord W, (9)

» Cost functional

T Wpath
J(a):E[/O (01,07 (2, X)) ] + “EEMMDE (Pix,..x,)10)

Wyol

T

MMD%{(Sovoltﬂlm(xt:l ,...,XtN)|$0vo|ﬁp)v (10)

_ _ __ _ det
where for any 0,5 € %, £(0,5) :=Tr(67 (0 — 5)) — Iog(d:tggg
specifying the targeted stylized facts that we aim to reproduce and Wpa¢nh, Wyo1 > 0 balance the relative
importance of these two objectives.

) , is the specific entropy, ¢, is @ map

Optimal control form: Following the approach developed in this talk, a good optimal control
-1
candidate is given by o} = (aref(t, X*) + Zt*)) forany0 <t < T.
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Numerical implementation: learning the adjoint process

For the numerical experiments, we use the discrete-time formulation of the control problem (9)-(10)
> Time discretization. We discretize [0, T] over the grid

ndiSC:{OZSo<S1<~~~<SM:T}.

)M—l is

» Parametrization of the adjoint process. The optimal martingale component (Z; ),
approximated by a recurrent neural network:

Z: ~ 78 .= GRUy(Hs,),

where H;, denotes the information available up to time sy.

» Adjoint learning. At each training iteration, proxy targets Z2™ are constructed from the
discrete-time adjoint equations, and the network is trained through
P M-1

1 roxy, 2
£adj (9) W Z sti,p — ZSI; P

» Optimization. The network parameters are updated using AdamW, and after the final training
iteration K,
5(K)
Zy = Zg, .
23/26



Recovering hidden volatility from a mixture of Heston models

» Setup. Target: mixture of 8 Heston regimes with different (6, &, p). Baseline: a single Heston model
fitted to the pooled data.
» Distributional evaluation. All diagnostics compare laws of path-dependent features.
N—-1 o
1 : W,
v (x) = T i RV Wy = 1(9rvHtidata; PRV Eligen)
N-1 At Epigata [9RV (X)]
Regime TVD := drvp (¢*tLtdata, ¢ tLtgen), c* : Class. Realized-volatility quantiles
Method SWD RV W, |r| ACF TVD MDD W, 0.5  *** Target (ideal) ’
—— Reference (W;=0.093) .
Baseline 0.347 0.479 0.322 0.629 0.309 o — E;:s" ""WKV_‘OV‘Q;OMB’ 7
Deep-MKV-TS 0.237 0.095 0.046 0.331  0.009 T 047 Wr=009%)
SBTS 0.407 0.493 0.094 0.563 0.478 g
SBBTS 0.573 0.412 0.207 0.360 0.331 o
» RV W;i: matching of volatility levels. :1‘!;
. - . c
» Regime TVD: recovery of latent volatility regimes. 2
Takeaway:  Deep-MKV-TS better captures both the 01 02 03 o4 05
distribution of volatility levels and the latent regime Target quantile

structure.
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Summary of main results

[

From path-dependent McKean-Vlasov
optimal control to Generative Al

What we presented

>

We introduced a framework based on optimal control for the design of time-series
generation algorithms.

The method incorporates path-dependent and distributional information directly into the
modelling objective.

The resulting control problem can be solved using a stochastic maximum principle and
sample-based numerical methods.
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Potential improvements

Theoretical side

>

>

Extend the current short-time well-posedness result to arbitrary time horizons.

Establish existence and uniqueness when the control acts on the volatility, which is particularly
relevant for financial applications.

Derive sufficient optimality conditions: the required convexity assumptions are not available in
the current volatility-control setting.

Go beyond MMD-type objectives and allow for more general distributional costs g.
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Potential improvements

Theoretical side
» Extend the current short-time well-posedness result to arbitrary time horizons.

» Establish existence and uniqueness when the control acts on the volatility, which is particularly
relevant for financial applications.

» Derive sufficient optimality conditions: the required convexity assumptions are not available in
the current volatility-control setting.

» Go beyond MMD-type objectives and allow for more general distributional costs g.

Numerical side
» Improve the stability of the forward—backward learning procedure.

» Establish convergence guarantees for the algorithm in relevant tractable model classes.

» Improve scalability for high-dimensional and long-horizon time series.

Perspective: The framework remains flexible: rather than matching the full distribution di-
rectly, the cost functional can target problem-specific path and volatility features.
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Alternative formulation of the mean-field FBSDE

The BSDE (3) can be alternatively formulated as a coupled system of N continuous backward
equations. Namely, we define over the interval [ty_1, ty] the BSDE

>

{dyf”) = [fr  FMds - fTZ(N)dWs, tno1 <t <ty

N
Y =0 g(X,Bx) + B[, (X Px) (X)),
» we then proceed recursively by backward induction in time by solving (Y(k),Z(k)) on [tx—1, t«] for
ke[l,N—1]

Ay = [t Fs— [f zPaw,, i <t<w,

yw Y (kt1) )4 ¢l (k+1)

ty
where the process (Fs(k))tkilgsgtk is obtained by replacing (Ys, Z:) in (4) by (Y&, Z%) and

where §,Ek+l) is given by (5) where we replaced (Y:, Z;) by (Yt(/+1)7Zt(’+1)) on each subinterval

t<t<tyygfork<I<N-1.
» Global backward equation is given by

{Yt =3 Ty e YO 41 YWV, 0<t<T, P-as

11
Ze =N 1y <ce 2P, dt@dP—ae. (1)
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Extension to conditional generation

>

Conditional setting. Let /| = (/t)o<:<7 be an exogenous finite-state process, e.g. encoding observable
financial regimes, and

Fi=0(& (Ws, Is)o<s<t) -
The objective is to learn the conditional distribution
w'_>]PX|I:l(w)’ X:(th,..‘,XtN).
Control problem.

dthatdtJro(t,Xt,It)de, ong,

T
J(a) = ]EU Sloel? de + re(Px | p/)} . PL=P(Xe-|l).
0
Associated MF-FBSDE. If /| is a finite-state Markov chain, the optimality system formally reads
dX} = =YX dt + o(t, X, It) AW,

AYP = =0 (TH(o(t, X2, 1) T Z2)), de + Z2 aWe + S Up~ T amy= )
JAL_

AY) = -2E[05, 5 (BL, | )X 7] k=1l N-1,

Y2 = X0z, 2E (PLy | p')(XP).

XN &m

Takeaway: Conditioning on / yields a regime-adaptive generator while preserving the path-
dependent mean-field control structure.
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Discrete-time framework

The continuous-time framework can be extended to a genuinely discrete-time setting, without restricting the
dynamics to an Euler discretization of an Itd process.
» Time grids. We distinguish the evolution grid

Maisc :=={0=s0 <s1 <---<sy =T},

and the observation times
Mops :={0 <ty <--- <ty =T} C MNaisc-
We set
n(sk) = max{j : t; < s¢}, Xn(se) = (Xty s - - .,th<5k)).
» State dynamics.
X5k+1 = Fk <X5k7 PXsk ) Xn(sk) ’ PX”(SU s Qs s 65k+1> )
XSO = é:
» Cost functional.
M—1
J(Oé) =K l: Z fk ()(5k N IPXSk 3 Xn(sk), PXTI(Sk) N Oésk) —|— g(X, ]Px):| .
k=0

Key point: The states X;, describe the full discrete-time evolution, while Xy, ..., X, are the
observations entering the path-dependent objective.
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Discrete-time Hamiltonian

» Given the adjoint variable Y, ,, we introduce the family of random Hamiltonian maps

Hk(w7X7 }L,X,[L,a) = fk(X7 s X5 1Ly a)
+ Es, [Ysk+1 - Fre(x, 1y X, 1, a, €Sk+1)] (w).

» In particular, along the controlled trajectory,
Hk = Hk (Xsk ) ]PXSk 5 Xn(sk)) Pxn(sk) 5 Otsk> .

» The Hamiltonian therefore incorporates both the immediate running cost and the future sensitivity
propagated by the adjoint process.

Interpretation: Unlike an Euler discretization of a continuous-time Hamiltonian, Hy is de-
fined directly from the general transition map F.
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Discrete-time adjoint system and optimal control

For k =0, ..., M, the adjoint process is characterized backward by
* = 08 (o« "
VXNg(X 7[Px*) +E v;Na(X 7]P’X*)(X )|
*
Xon(s)» Pxx

*
n(sk)” ask)

6 k Va3 v*
[V; S (Xsk ; ]PXS’L » Xo(sk) ]P’x;

o
(s)”

o

)
Hi (o ¥ * ~*x *
V;H(th,n)xrj,xj e ag ) (X5)

. .
<ij. Hys (Xsk/ Bxg Xia ) Px )
k/

oH
Vs,

om

)(x*>H,

x *

Oy Hy (Xt;’]Pth, , X}‘,]P’Xf , (16) +E

+]Erj[ S

K':j<n(s;r)
+]Erj

o*
B
St

(sy7)

(x

*
sk/’]P

ijg(X*7[P’X*) +E [V;}. ::i' ()?*,Px*

The optimal control satisfies, for k =0,..., M — 1,

Eva 3 ~%
Xs*k, ’ Xn(sk/ ) PX;(SH) > Yy ) x

sk =ty=T,

sk & Mobs,

sk =1t, Jj<N.

* .
ask € argmin Hy

acA

* *
(Xsk s ]PXS’; s X77(5k)’ PX

*
n(sk

)’a)
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Definition of the map ¢y (1/2)

Let x = (Xtq,---,xty) € (RY)V be a normalized log-price path, with
ri = Xt; 4 — Xt;, Ie[[l,N—l]
Broad path features. Squared returns.
2\N—1
¢path(x) = (Xf17 ce 7XTN)7 d)Sq(x) = (I’,- )i:1 .
¢terminal(x) = Xty »
Preturn(X) = (r,-):v_’ll. Instantaneous realized variance.
Setting
r2
P !
Absolute returns. qi AL’

We use the differentiable approximation
we define

. = (q))V71.
b \/@7 ... ¢mstRV(x) (q’)I:I

. Global realized variance.
which reduces to |r;| when ; = 0. Then

N—1
B 1
babs(x) = (ar)M 7t PglobalRvV (X) = N_1 Z qi-
i—1
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Definition of the map ¢y (2/2)

Rolling realized volatility.
For w € [1, N — 1],

WoisiTwi

and

¢£vovl)1RV(X ) = (VI(W) II'V:TNI-

State—variance pairs.
To capture how volatility varies with the current state,

N-1 ri
Bstaterv (X) = (x4, 9i)) i1 qi =

Volatility-persistence features.
For u; € {aj, r?}, define

~ ui—u
uj =

b
Su

where T and s, are the pooled mean and standard
deviation.
For £ € £ C[0,N — 2],

~~ N—1—¢
¢luag,l(x) = (uiui+e)i:1 .

Complete volatility map.

Pvol(X) = <¢absv Psqs PinstRV > PglobalRV 5
w
d’SOl)lRw PstateRV s
(¢fag,e)£eﬁ,

(¢>f:g,e)éeﬁ> (x).
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Definition of evaluation metrics (1/2)

Let ftdgata and pgen denote respectively the distributions of real and generated paths.

Sliced Wasserstein distance (SWD).
For 6 € SIN=1, let P9(x) = 6 - x. We compute

L 6 0
SWD := /SdN—l W1 (P Hitdata, P ﬁ”gen) dO’(@)

It measures the discrepancy between the full
distributions of paths through one-dimensional
projections.

Realized volatility (RV W;).

For
N—-1 o
1 r
xX) = —— ,
dglobalRV (X) N1 ; At
we define
RV W, = Wi (@globalRv lidata, PglobalRv Hiigen ) '

Epgata [PglobalRv]

Absolute-return ACF (|r| ACF).
For a lag ¢, define

N—1-¢

1—
T > Comu(lnl.lrie)-

i=1

Pir |(€)

For a chosen set of lags L,

1/2
|r] ACF := \ﬁ\ Z (pmlata pmren (Z))Z

It measures whether generated paths reproduce
volatility clustering and persistence.
Interpretation.

» SWD: full path distribution.

» RV Wj: volatility distribution.

» |r| ACF: volatility persistence.
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Definition of evaluation metrics (2/2)

Maximum drawdown (MDD W;).
For a log-price path x, define

MDD(x) = max max X, — X, | -
0<n<N \0<k<n

We compare its distributions through

Wi (MDD#piqata, MDDqucn)

MDD Wj =
! Et 00 IMDD]

This metric measures whether the model reproduces
the distribution of extreme peak-to-trough losses.

Regime total variation distance (TVD).
For the mixture experiment, let

RV — 1, 1]
be a trained classifier assigning each path to a

mixture regime.
The induced regime distributions are

C*fldatas C*ﬂﬂgcm

We define

TVD := drvp (c*firdata, c*fiiigen)

1

L
= 33 Prguea (€ = K = P (" = ).
k=1

It measures how well the generated data preserve the
mixture/regime proportions.
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Construction of reference maps b™ and o™ (1/2)

Let

sP
XP = |og<sf; > , axp=xp - Xt Ati =t 1 — ti.
ty

Reference drift b™*f. We encode the past trajectory through short- and long-memory trend signals
'l/),'ref(xl:i) — (T( ) T(2)) c RZd qlref (]-’wr_ref)7
where each component is standardized on the training set. The trend memories satisfy

T = e et (TP ar X)), a€{1,2)

At each date, the conditional mean of the next return is estimated by ridge regression:

= arg mm Z

2
— BT (X2)|| +rslBIZ.

At,

Hence,

mref(xq.;) = B ' (x1.) \ and e’ = AXP — mi*f(XP))At;.

The reference drift used in the forward dynamics is b“*f = mref
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Construction of reference maps b™ and o™ (2/2)

Reference marginal volatilities.
We maintain short- and long-memory trend and

activity signals T.(a), \/,-(a) €RY, ac{1,2}:

T = (1—07) TV +6, T,

The marginal volatility vector is

ef:ﬁo+ﬁ1®7'i+ﬁ2®\m~‘

The activity memories evolve as

i+1
To model cross-sectional dependence,
Dref Dlag(vref) Cref

where R € Si+ is a correlation matrix. Finally,

V= (1 0\/) ( )+9VV( )

v@) e AvaAy (Vi(a) + >\V73(V,-ref)®2At,') )

Dref RDref

Calibration.
The volatility parameters and R are estimated from
the residuals

e’ = AXP — mi*f(XP At
by minimizing the Gaussian negative log-likelihood

1

Lrop = —————
T PIN—1)

Z log det arEf’p

LT e
2At;

» Parameters are fitted on 80% of the training
paths and selected on the remaining 20%.
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Optimality system

The optimal control is characterized by the following forward-backward system, for k € [0,

f
X57<+1 XS}; + bfzc(sk) (XI:n(sk)> Asi + U:k Vv Asy [

A;k = Z |: Z (axj fﬁ(sl) (XI:n(s,)7 0:/)

1<j<n Lo<i<m—1

tj > sk s>t

G
+ 6’9 br(sl)( 1: 7)(51))A:/+1)As’ + rj (XI:N7
A.:M = I—IC\;I( I:N’ﬂ )
— T
Zsi - Esk |:A:k+1 5k+1] ’
¢ _ -1

ot = (( resk)) z;k) .

For (x, ) € RV x Pz((Rd)N) AP =3P, 5x<,,) and /e 1M1,
1N

5
rf(x, k) i= 0y == Gl | V)(x) = pm/(

. Ox; k(x, y)(n — v)(dy)

Fon [y 1y B HEvor(8)s eror ) (1 = V)(A):

M —1]:

ﬁP

)|
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Numerical resolution of the optimality system (1/2)

We approximate Z* by a recurrent neural network GRUy and iteratively update the forward process.

1. Forward simulation. For each iteration m and path p, initialize x{m-p ¢ and hgT)l’p =0.

S0
56(™ \p p(m),p) _ (m),pp(m)
((z )';k,hs:’ ) = GRU (m) xskf” P,hs:L;’ ,

solm , \ 71
@ >§k> :

m), ref \—
ogk)"’ - <(°n(5k)) T

1
\/Asy

x(m)p _ x(m).p | pref (ﬂmw)A&+a$va;4m@

Sk+1 Sk m(sk) \ 7 1im(sy) Skl

The hidden state hs, € R provides a learned summary of the path history.

GRUym — Z™M — oM — x(m™
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Numerical resolution of the optimality system (2/2)

2. Ridge proxy. 3. Neural projection.
The pathwise adjoint A(™:P is computed following The GRU is trained to reproduce the ridge proxy:
previous relation.
P M—1
Ay = o (7). 0= 5 3 2%, - e
We regress the realized adjoint observations
Alm).p (m).p. Then,
Sk+1 “Sk4+1 - p(m+1) _ arg mln E +1)(9)
P The procedure is iterated for m=0,..., K — 1.
87 = argmin z:Mmp(m BT me |2
°k € Sk+1  Sk+1 Sk

p=1 X(m) _ A(m) N Zproxy,(m+1) _ 0(m+1) _ X(m+1)

+ VIB\Z}»
Hence,

Zs;;roxy,(mﬂ) (5£:7+1))TU£‘:"),/JA
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